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Abstract

Returns to transportation investments depend crucially on allocation efficiency. We show that endogenous
and heterogeneous traffic congestion is essential for quantifying spatial misallocation. Estimating a
generalized congestion equation with flexible congestion elasticity using GPS data from half a million
trucks in China reveals one-third of links are effectively uncongested. Structurally estimating a general
equilibrium economic geography model with the generalized congestion equation shows that returns to
China’s road expansion are low and highly unequal, with flexible congestion elasticity accounting for
over half of this dispersion. Our findings reveal both aggregate overinvestment and substantial spatial
misallocation of road infrastructure in China.
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1. Introduction
Substantial resources are devoted to transportation infrastructure across the world each year. In

developing countries, annual investment in road infrastructure exceeds 1% of GDP, reaching 2.4% in China
in recent years.1 The gains from these investments depend crucially on their allocation. However, ample
anecdotal evidence suggests inefficient investment patterns. In China, while some inter-city roads suffer
from severe congestion, many expressways remain underutilized or entirely uncongested, particularly in
the central and western regions. To assess the potential spatial misallocation and its welfare implications,
systematic quantitative analysis of the benefits and costs of such investments is essential.

Quantifying the benefits is challenging primarily because of spatial spillovers from road investments.
The literature has used quantitative economic geography models that incorporate the general equilibrium
responses of production factors and trade flows (see Redding and Rossi-Hansberg, 2017; Donaldson, 2025,
for surveys). Some recent economic geography frameworks such as Allen and Arkolakis (2022) have
also incorporated endogenous congestion that depends on trade flows and traffic through the Vickrey
congestion equation (Vickrey, 1963, 1967).2 However, this formulation of congestion cannot account for
underutilized roads because it assumes that the congestion elasticity—the elasticity of driving time with
respect to traffic—is homogeneous across all roads. To accommodate the possibility of underutilized or
uncongested roads, we must forgo the assumption of a homogeneous congestion elasticity. Intuitively,
the congestion elasticity becomes zero for an uncongested road because the driving time is independent
of road traffic.

We generalize the Vickrey congestion equation in a bottleneck congestion model in which the
congestion elasticity is endogenously determined by traffic density and thus heterogeneous. This captures
the heterogeneous nature of congestion elasticities across roads that Vickrey pointed out in his seminal
work but is not part of the standard Vickrey congestion equation used in the quantitative economic
geography literature. We show that a bounded approximation of the generalized congestion equation
implies the congestion elasticity is a polynomial function of traffic density with an upper bound. This
specification nests two special cases—zero congestion elasticity for sufficiently low traffic and the standard
Vickrey congestion equation with constant congestion elasticity for high traffic—and can be tractably
integrated into a quantitative economic geography framework.

We estimate the congestion equation using high-frequencyGPS data fromhalf amillion Chinese trucks,
which simultaneously measure real-time driving speed for each truck and traffic density on each city-

1Total capital allocations for roads are no smaller than 1% of GDP between 2009 and 2016 in 55 developing
countries covered by the BOOST database (Figure 16 in Fay et al. (2019)). The number for China is from the website
of the National Development and Reform Commission.

2Endogenous congestion resulting from rush-hour commuting has played a crucial role in the urban and
transportation literature (see e.g. Redding and Turner, 2015) but has only recently been incorporated into quantitative
economic geography models to analyze inter-city road investments. In addition to Allen and Arkolakis (2022),
Fajgelbaum and Schaal (2020) use a related constant-elasticity congestion technology in which transport costs
increase with trade flows.
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to-city road link. Unlike widely used navigation apps such as Google Maps, our data capture real-time
traffic. This allows us to explore time-series variations in speed and traffic for each link, providing crucial
identification for endogenous congestion elasticities. Additionally, since our data are at the truck level,
they enable us to control for heterogeneity across trucks and selection, an important factor contributing
to speed variation.

Our estimates reveal substantial variation in the congestion elasticity across links. The mean
congestion elasticity is only 0.06 among links in the bottom tertile of traffic density, increases to 0.15
and 0.30 in the middle and top tertiles, respectively, and reaches a maximum level of 0.35 in the limiting
case with sufficiently high traffic. Even this maximum congestion elasticity remains below the estimate
in Allen and Arkolakis (2022) for the U.S. Crucially, our identification strategy using within-link speed
and traffic variations prevents any mechanical relationship between the estimated congestion elasticities
and average speed across links. As an external validation, we find that congestion elasticity and average
speed, which independently capture the degree of congestion (controlling for geographic conditions), are
negatively correlated across links. This non-mechanical negative correlation provides reassuring evidence
that our estimates capture genuine congestion patterns.

To quantify the aggregate effects of road investments, we use a general equilibrium model because
investing in one road leads to rerouting of traffic through other roads and reallocation of economic activity
across locations. We extend the quantitative economic geography model with optimal route selection by
Allen and Arkolakis (2019) by incorporating our generalization of the Vickrey congestion equation.3 The
extended model is structurally estimated to match the driving speed and traffic on each road link, with the
broader framework calibrated to China’s economic geography in 2018.

We then compute the returns to road investment for each link using the benefits implied by
the structurally estimated model and the imputed costs based on the construction, maintenance, and
opportunity cost of land, which we obtain from land transaction and geographic data. The link-specific
returns have a mean value of 16.9% with a large standard deviation of 56.7%. This substantial spatial
dispersion can be interpreted as a reflection of misallocation within transportation infrastructure, and
endogenous congestion elasticities are key to the large dispersion in returns. The mean returns are 21.7%
and 23.7% for links in the middle and top traffic tertiles, respectively but turn much closer to zero for the
bottom tertile. Strikingly, the average returns weighted by investment costs are merely 3.2%, indicating
that investments are disproportionately allocated to low-return links.4

3Allen and Arkolakis (2019) is the working paper version of Allen and Arkolakis (2022). The former incorporates
optimal route choice into an Armington model, while the latter incorporates that into a Ricardian model as in Eaton
and Kortum (2002). We use an Armington model and thus cite the former. When we discuss aspects common to
both papers or new in the latter, we cite Allen and Arkolakis (2022) accordingly.

4The opportunity cost of land obtained from land transaction data, a novel aspect in the calculation of total costs,
is also important for the returns. Ignoring the opportunity cost would inflate the average and weighted average
returns by a factor of about 2 and 4, respectively: they would rise to 37.6% and 12.7% without the opportunity
cost adjustment, highlighting the importance of land opportunity cost in measuring aggregate investment efficiency.
Alternative assumptions about labor mobility, agglomeration effects, and productivity growth have limited effects on
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The low returns align with the macro-level estimates from Song and Xiong (2026), who find returns
of 4.3% for infrastructure capital versus 13.0% for non-infrastructure capital between 2013 and 2017.
Because roads account for roughly one-quarter of infrastructure investment, our findings corroborate their
conclusion that China has significantly overinvested in infrastructure.

The stark spatial inequality in returns is also persistent. Returns estimated using a model calibrated to
China’s 2014 economic geography are strongly correlated with our 2018 benchmark estimates. Crucially,
examining actual network expansion between 2014 and 2018 reveals that infrastructure investments
were entirely uncorrelated with the initial 2014 returns. This orthogonal relationship corroborates our
interpretation that the large dispersion in returns to road infrastructure is a direct manifestation of spatial
misallocation.

To isolate the role of heterogeneous congestion, we re-estimate the model using the standard Vickrey
congestion equation, which imposes a constant congestion elasticity. The estimated constant elasticity is
0.19, close to the average implied elasticity from our benchmark model (0.17), and the structurally re-
estimated parameters also remain similar. However, imposing a constant elasticity almost halves the
standard deviation of returns across links—dropping it from 56.7% to 28.3%. This demonstrates that the
flexibility of the congestion elasticity alone accounts for roughly half of the spatial dispersion in returns.
This compression occurs primarily because the standard Vickrey equation underestimates the returns to
expanding congested links, where the imposed constant elasticity is substantially lower than the elasticity
implied by our flexible benchmark approach.

A natural concern is whether the dispersion in returns truly measures misallocation. Unlike capital in
the standard misallocation literature pioneered by Restuccia and Rogerson (2008) and Hsieh and Klenow
(2009), road investment is physically irreversible. Moreover, externalities can violate the convexity
conditions of the optimal investment problem (Fajgelbaum and Schaal, 2020). To address these issues,
we numerically demonstrate that return dispersion maps directly to the severity of misallocation and the
potential for welfare gains in our model. Using random groups of road links, we solve for the optimal fixed-
budget investment per group. We document a strong positive cross-group correlation: a one-percentage-
point increase in the standard deviation of returns predicts an average 0.05-percentage-point increase
in welfare gains under optimal investment. Empirically, we find that actual road investments in many
regions are orthogonal to these fixed-budget, welfare-maximizing allocations. These findings strengthen
our interpretation that the large dispersion in returns reflects a pronounced spatial misallocation of road
investment in China.

This paper contributes to the literature by showing that the endogenous and heterogeneous nature of
traffic congestion is critical for quantifying the spatial misallocation of road investments, particularly in
settings with highly unequal road utilization. Our quantitative analysis is closely related to the growing
literature that quantifies the general equilibrium effects of transportation infrastructure (e.g., Allen and

the mean and standard deviation of these returns, which are, however, sensitive to endogenous congestion elasticity.
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Arkolakis, 2014; Donaldson and Hornbeck, 2016; Donaldson, 2018; Fajgelbaum and Schaal, 2020; Donald,
Fukui and Miyauchi, 2026). In particular, our work builds on the framework of Allen and Arkolakis
(2019). However, when incorporating congestion into these quantitativemodels, the literature has typically
assumed that the congestion elasticity is homogeneous (Fajgelbaum and Schaal, 2020; Allen and Arkolakis,
2022). Although congestion is known to be prevalent in developed countries (see, e.g., Allen and Arkolakis,
2022, for the U.S.), we show that allowing for heterogeneous and endogenous congestion elasticities is
empirically relevant for city-to-city links in China and quantitatively important for evaluating the returns
to road investments. Ignoring this heterogeneity not only biases the average magnitude of returns but also
leads to a substantial underestimation of spatial misallocation.

Our approach also relates to the transportation literature, which has long used flexible congestion
functions that allow travel times to respond nonlinearly to traffic conditions (see, e.g., Branston, 1976;
Small and Verhoef, 2007, for reviews). These specifications are typically designed primarily to describe
traffic flow on roads, whereas we estimate a density-based congestion elasticity that can be tractably
incorporated into a quantitative economic geography model for aggregate welfare evaluation.5 We
bridge the transportation literature and the literature on quantitative economic geography by building
on canonical bottleneck congestion models (Vickrey, 1969; Arnott, De Palma and Lindsey, 1990, 1993) to
derive a generalized congestion equation that can be estimated from high-frequency speed-density data
and tractably integrated into a quantitative economic geography framework.6 We show that endogenous
congestion elasticity is a natural feature of a standard bottleneck model and can be approximated by a
bounded polynomial function of traffic density. The equation nests the standard constant-elasticity Vickrey
specification used in quantitative economic geography while allowing the congestion elasticity to vary
endogenously with traffic density.

Our paper also contributes to the following three broad areas in the literature. First, we incorporate
large, high-frequency truck GPS data into a quantitative general equilibrium economic geography model.
Such truck-level data are well-suited for studying important questions in trade and transportation and
have recently been used to explore various topics (Hernández, 2022; Allen et al., 2024; Balboni, Boehm
and Waseem, 2024; Barnwal et al., 2024). Our analysis differs from these studies by using the GPS data
to identify the relationship between traffic density and speed and incorporating this into a quantitative
economic geography framework. This allows us to explore time-series variations in speed and traffic for

5For example, the frequently used Bureau of Public Roads (BPR) functions are formulated in terms of traffic flow
relative to flow capacity. Our GPS data naturally measure traffic density—sampled trucks per lane-kilometer—rather
than flow-capacity ratios. We therefore focus on the elasticity of travel time with respect to observed traffic density.
Furthermore, some existing speed-density specifications imply congestion elasticities that rise sharply with density
and can be unbounded, which can make them less tractable for counterfactual analysis in a general equilibrium
model.

6Vickrey (1963, 1967) described the dependence of speed on traffic in the form of a congestion equation, and he
also pointed out that the congestion elasticity can be heterogeneous, although this is not reflected in the standard
Vickrey congestion equation adopted in the quantitative literature. Our generalization in the bottleneck congestion
model formalizes this idea.
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each link, providing crucial identification for endogenous congestion elasticities.
Second, this paper relates to resourcemisallocation, which has been studied extensively since Restuccia

and Rogerson (2008) and Hsieh and Klenow (2009) and is reviewed in Jones (2013) and Restuccia
and Rogerson (2017). Instead of focusing on resource allocation at the firm level, we explore the
allocation efficiency of infrastructure investments across road links, which is more complicated due to
the complementarities between investments across links. In the literature using quantitative general
equilibrium trade models, Alder (2025) examines the efficiency of road networks at the extensive margin,
while Fajgelbaum and Schaal (2020) study the intensive margin of road network investments by focusing
on the efficiency of allocating resources to expand a link. We also focus on the intensive margin of road
networks, but we differ from their study by introducing endogenous congestion elasticities and allowing
for externalities in productivities and amenities as in Allen and Arkolakis (2022).

Finally, we directly speak to the literature examining the impact of China’s transportation infrastructure,
including reduced-form studies (see, e.g., Faber, 2014; Baum-Snow et al., 2017, 2020; Banerjee, Duflo and
Qian, 2020; He, Xie and Zhang, 2020), as well as quantitative studies (see, e.g., Roberts et al., 2012; Alder
and Kondo, 2019; Fan, Lu and Luo, 2021; Xu and Yang, 2021; Egger, Loumeau and Loumeau, 2023; Ma and
Tang, 2024). Some scholars have also evaluated investment efficiency at the aggregate level (see, e.g., Bai
and Qian, 2010; Li, Wu and Chen, 2017; Wu, Feng and Wang, 2021). Our primary contribution here is
to quantify spatial misallocation and to introduce heterogeneity in road utilization into this evaluation—
a dimension overlooked in the previous literature. Our analysis reveals that taking this dimension into
account allows for a much more reliable evaluation, especially regarding the potential overestimation of
the returns for uncongested links. This approach allows us to identify the return on investment in each
link while taking into account the differences in congestion elasticities, which is useful for deciding on
the allocation of future investments. Finally, by comparing different investment scenarios (uniform vs.
optimal allocation), we quantify the magnitude of potential welfare gains if investments are efficiently
allocated.

The remainder of the paper is organized as follows. Section 2 describes the data on cities, roads,
and trucks. Section 3 introduces our bottleneck congestion model and the corresponding generalized
congestion equation. We estimate the link-specific congestion elasticity in Section 4. Section 5 introduces
the quantitative general equilibrium economic geography model and the structural estimation. We then
describe the welfare gains from infrastructure investments and the misallocation of such investments
across different links of the network in Section 6. We conduct numerical robustness checks regarding
misallocation in Section 7. Finally, Section 8 concludes the paper.
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2. Traffic and Road Network Data

2.1. Truck GPS Data

Trucking is the primary mode of domestic freight transport in China.7 We obtain real-time truck GPS
data from one of China’s leading logistics services providers. The data cover a total of 524,898 trucks in
2018, accounting for 7.9% of all trucks in China in that year. The GPS records provide information on the
latitude and longitude (with a precision of about 1 meter) and speed of each truck, as well as the time and
date of the observation. The GPS signals are received about every 10 seconds. Due to the size of the data,
we obtain a subsample of the data for four full hours (8 a.m. to 9 a.m., 12 p.m. to 1 p.m., 5 p.m. to 6 p.m.
and 9 p.m. to 10 p.m.) on two days of each month (one weekday and one weekend). Since trucks are
primarily used for the shipment of goods across cities, the truck flows indicated by our GPS data capture
mainly city-to-city goods flows. Further details about the data can be found in the Online Appendix A.1.

The left panel of Figure 1 illustrates the GPS data as a heatmap of the number of truck GPS signals in
10 km by 10 km cells in 2018. The figure shows that based on only GPS signals, one can observe the density
of economic activity across space and the paths that connect different locations. Chen et al. (2020) find
truck flows from the same data source to be strongly correlated with city-level GDP (correlation 0.90). The
right panel of Figure 1 displays the average speed of the corresponding trucks for each link, which will
be formally defined in Section 2.2 and Online Appendix A.3. We also find that our trucks’ driving speed
is highly correlated with cars’ driving speed from DiDi in five cities (see Online Appendix A.1 for a more
detailed comparison).

Figure 1. Heat Map of GPS Records and Average Speed
The heatmap in the left panel is based on the number of truck GPS signals in 2018 in cells with a size of

10 km by 10 km. The right panel displays the average speed of the corresponding trucks in 2018 on each link of the
inter-city road network, where cooler colors indicate higher speeds and warmer colors indicate lower speeds.

7Road freight, for example, accounted for 72.9% of total freight in China in 2019 according to China’s Statistical
Yearbook 2020.
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2.2. Inter-City Road Network Data

We treat each prefecture as a “city”, or node, in the network and define its location based on the
geometric center of the prefecture boundaries in China’s official maps. We exclude islands, where roads
are not well connected to Mainland China. We also exclude northwestern areas (Gansu, Inner Mongolia,
Ningxia, Qinghai, Tibet, and Xinjiang), where city size and population density are vastly different from
those in other parts of China. The remaining 272 cities are used as nodes in our network. Online Appendix
A.2 provides further details about the city data.

The roads connecting cities are also obtained from the same map, which contains all county-level-and-
above roads. We study intercity transportation and therefore use national and provincial roads, including
both highways and regular roads, to construct our road network. We calculate the capacity of each road
as the product of the average number of lanes of the road and its length.

We construct a road network connecting neighboring cities through the “least-cost” routes from all
possible routes connecting two neighboring cities. The “least-cost” routes are referred to as “links” in this
paper and they are selected by distance, instead of driving hour, as the latter is endogenous in the general
equilibrium model. We then link the GPS records to road segments of the shortest paths based on latitude
and longitude. This allows us to compute the speed as well as the traffic density of each road segment over
time. Online Appendix A.3 provides further details about the road network data.

2.3. Relationship between Traffic Density and Speed

Figure 2 shows the relationship between average speed and traffic density for two inter-city links by
exploiting variation across minutes. These two examples illustrate that the relationship between density
and speed can vary across roads. Xi’an-Baoji is a link with a relatively low density at all times (minutes),
and the measured speed does not vary systematically with density. This is, therefore, an example of a road
link that does not suffer from congestion. In contrast, Shanghai-Jiaxing is a road link with substantially
higher density overall (note the larger scale of the x-axis in the right panel). Furthermore, there is a
systematic relationship between density and (inverse) speed, i.e., the travel time through this link is
substantially higher at times when the density is also high.

These examples suggest that congestion elasticity is heterogeneous and depends on traffic density
across links. Our empirical analysis in Section 4 will show that this pattern of endogenous and
heterogeneous congestion elasticity emerges throughout the Chinese road network.8 These observations
motivate a generalization of the Vickrey congestion equation by incorporating endogenous congestion
elasticity. Despite a large literature on congestion in transportation and urban economics (e.g. Vickrey,
1969; Arnott, De Palma and Lindsey, 1990, 1993; Hall, 2018), such a generalized Vickrey congestion equation

8Differences in congestion across time and locations have also been documented in other contexts (e.g. Akbar
et al., 2023a).
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with endogenous congestion elasticity has not, to our knowledge, been derived and incorporated into a
quantitative economic geography model. In the next section, we present a canonical congestion model
and show that the feature of an endogenous congestion elasticity follows naturally from the physics of
traffic in the presence of bottlenecks.

Figure 2. Examples of Links with and without Congestion
The figure shows the relationship between the log values of density and the inverse of speed on two inter-

city links. Each dot represents a link-minute observation from 2018 truck GPS data. The horizontal axis shows the
log value of truck density, which is calculated as the number of trucks per lane-kilometer (multiplied by 100) on the
corresponding link in each minute. The vertical axis is the log value of inverse of speed, where speed (in km/h) is
calculated as the average value among all trucks on the corresponding link within each minute. The average driving
speeds are 61.1 km/h and 44.2 km/h in the left and right panels, respectively.

3. Congestion Model
We build a bottleneck congestion model based on Vickrey (1969) and Arnott, De Palma and Lindsey

(1990, 1993).9 Consider a road segment of unit length with a bottleneck located at its entrance, having
capacity v.10 Denote by Q(t) � 0 the size of the queue at the bottleneck at time t. For simplicity, we
assume the bottleneck has zero measure horizontally. When vehicles queue to pass through the bottleneck,
they line up “vertically”, occupying no space along the road segment. Accordingly, queued vehicles do not
move horizontally and have zero speed. Elsewhere, vehicles travel at the full speed �s. Therefore, the travel
time outside the bottleneck is �T � 1/�s.

9Bottlenecks are an important source of congestion and clearly show that travel times (and thus speed) can
depend on traffic density. Yet, bottlenecks are not the only source of congestion, as was also pointed out by Vickrey
(1969). For example, a high density can (even without a bottleneck) force vehicles to reduce speed to avoid collision.
However, bottlenecks provide an important and illustrative mechanism for congestion, making them the primary
focus of our analysis.

10The following analysis can be readily extended to cases where the bottleneck is positioned elsewhere along the
segment or where multiple bottlenecks with different capacities are present.
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Vehicles flow into the segment at the rate of a(t). The queue at the bottleneck follows

Q(t) = max
�

0;

Z t

0
(a(�) � v) d�

�
: (1)

Define 
C(t) =
�

� 2
�
t � �T ; t

�
: Q(�) > 0

	
and 
U (t) =

�
� 2

�
t � �T ; t

�
: Q(�) = 0

	
, i.e., the times in

which the congested (uncongested) bottleneck has (does not have) a queue. Denote by � (t) the number
of vehicles outside the bottleneck:

� (t) = �(t)v +

Z

U (t)

a(�)d�; (2)

where �(t) denotes the measure of 
C(t) – i.e., the portion of the time interval
�
t � �T ; t

�
in which the

bottleneck has a queue, and �(t) = �T if Q(�) > 0 8� 2
�
t � �T ; t

�
.

Normalizing the area of the road segment, the traffic density is identical to the total number of vehicles:

D(t) = Q(t) + � (t):

The average speed follows

s(t) =
� (t)

D(t)
� �s: (3)

With this simple model, we can already distinguish three types of roads. The first type is uncongested
roads, characterized by 
C(t) = ; 8t (implying Q(t) = 0 and D(t) � �Tv 8t). The second type is roads
with a fully congested bottleneck (referred to as congested roads), characterized by 
U (t) = ; 8t (implying
Q(t) > 0 and D(t) > �Tv 8t). The third type is semi-congested roads, characterized by 
C(t) 6= ; and

U (t) 6= ;.

We can rewrite (3) as the Vickrey (1963, 1967) congestion equation. Define the congestion elasticity as
� � d ln 1/s

d lnD . It is straightforward that uncongested roads are associated with � = 0 since � (t) = D(t). In
contrast, congested roads have � (t) = �Tv and, hence, � = 1. For semi-congested roads, we focus on one
congestion period for simplicity – i.e., Q(t) > 0 () 8t � t� or 8t � t�.11

In Online Appendix B.1, we prove that

ln 1

s(t)
= lnF (D(t)) ; (4)

where F is a weakly increasing function with congestion elasticity bounded above (� = 1 for sufficiently
large D(t)) and below (� = 0 for sufficiently small D(t)). The monotonicity of F comes from the zero
correlation between traffic and speed during the uncongested period with Q(t) = 0 and their negative

11This requires the following conditions for a(t):
R t

0
a(�)d� � vt = 0 has a unique solution at t = t� andR t

0
a(�)d� ⋛ vt for t ⋚ t� or t ⋛ t�.
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�D�P�S�S�F�M�B�U�J�P�O �E�V�S�J�O�H �U�I�F �D�P�O�H�F�T�U�F�E �Q�F�S�J�P�E �X�J�U�IQ(t) > 0�� 	_�F �J�O�U�V�J�U�J�P�O �G�P�S� 2 [0; 1] �J�T �B�M�T�P �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E��

�$�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �J�T �I�J�H�I�F�T�U �G�P�S �D�P�O�H�F�T�U�F�E �S�P�B�E�T �B�O�E �M�P�X�F�T�U �G�P�S �V�O�D�P�O�H�F�T�U�F�E �S�P�B�E�T�� �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y

�#�����Q�S�P�W�J�E�F�T �D�M�P�T�F�E���G�P�S�N �T�P�M�V�U�J�P�O�T �U�PQ(t)�
D (t)�
 �B�O�Es(t) �G�P�S �U�I�F �T�Q�F�D�J�B�M �D�B�T�F �X�I�F�S�Fa(t) �J�T �C�J�O�B�S�Z��

	_�F �L�F�Z �J�N�Q�M�J�D�B�U�J�P�O �P�G �U�I�F �C�P	R�M�F�O�F�D�L �N�P�E�F�M �J�T �U�I�B�U �U�S�B�W�F�M �U�J�N�F �S�F�T�Q�P�O�E�T �O�P�O�M�J�O�F�B�S�M�Z �U�P �E�F�O�T�J�U�Z�
 �J���F���


�U�I�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �J�T �O�P�U �D�P�O�T�U�B�O�U�� �U�I�F �S�F�T�Q�P�O�T�F �J�T �D�M�P�T�F �U�P �[�F�S�P �B�U �M�P�X �E�F�O�T�J�U�J�F�T�
 �J�O�D�S�F�B�T�F�T �E�V�S�J�O�H

�D�P�O�H�F�T�U�J�P�O �F�Q�J�T�P�E�F�T�
 �B�O�E �J�T �C�P�V�O�E�F�E �B�C�P�W�F�� �*�N�Q�P�S�U�B�O�U�M�Z�
 �U�I�F �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O �J�O �U�I�J�T �T�J�N�Q�M�F �C�P	R�M�F�O�F�D�L

�N�P�E�F�M �S�F�E�V�D�F�T �U�P �B �T�U�B�O�E�B�S�E �7�J�D�L�S�F�Z �F�R�V�B�U�J�P�O �X�J�U�I �B �V�O�J�U �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �G�P�S �M�B�S�H�FD(t)�� �0�O�M�J�O�F
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�O�F�T�U �U�I�F �T�U�B�O�E�B�S�E �7�J�D�L�S�F�Z �F�R�V�B�U�J�P�O �B�T �B �T�Q�F�D�J�B�M �D�B�T�F��

	_�F �C�P�V�O�E�F�E �T�Q�F�D�J
W�D�B�U�J�P�O �Q�S�P�W�J�E�F�T �B 
X�F�Y�J�C�M�F �B�Q�Q�S�P�Y�J�N�B�U�J�P�O �U�I�B�U �S�F�T�Q�F�D�U�T �U�I�F�T�F �G�F�B�U�V�S�F�T �X�I�J�M�F

�S�F�N�B�J�O�J�O�H �U�S�B�D�U�B�C�M�F �J�O �B �R�V�B�O�U�J�U�B�U�J�W�F �H�F�O�F�S�B�M �F�R�V�J�M�J�C�S�J�V�N �G�S�B�N�F�X�P�S�L�� �)�F�O�D�F�
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Y�D�J�F�O�U�M�Z �H�F�O�F�S�B�M �U�P �D�B�Q�U�V�S�F �U�I�F �N�B�J�O �G�F�B�U�V�S�F�T �P�G �F�R�V�B�U�J�P�O �	���
�
 
W�S�T�U �O�P�U�F

�U�I�B�U �U�I�F �V�Q�Q�F�S �Q�B�S�U �P�G �U�I�F �S�J�H�I�U���I�B�O�E �T�J�E�F �P�G �F�R�V�B�U�J�P�O �	���
 �D�P�O�W�F�S�H�F�T �B�T�Z�N�Q�U�P�U�J�D�B�M�M�Z �U�P �B �D�P�O�T�U�B�O�U �B�W�F�S�B�H�F

�T�Q�F�F�E �B�TD ! 0�
 �D�P�O�T�J�T�U�F�O�U �X�J�U�I �U�I�F �V�O�D�P�O�H�F�T�U�F�E �Q�B�S�U �J�O �F�R�V�B�U�J�P�O �	���
�� �.�P�S�F�P�W�F�S�
 �U�I�F �M�P�X�F�S �Q�B�S�U �P�G �U�I�F

�S�J�H�I�U���I�B�O�E �T�J�E�F �P�G �F�R�V�B�U�J�P�O �	���
 �F�O�T�V�S�F�T �U�I�B�U �U�I�J�T �H�F�O�F�S�B�M�J�[�F�E �F�R�V�B�U�J�P�O �S�F�E�V�D�F�T �U�P �U�I�F �T�U�B�O�E�B�S�E �7�J�D�L�S�F�Z

�F�R�V�B�U�J�P�O �B�T �U�S�B
Y�D �E�F�O�T�J�U�Z �S�J�T�F�T �C�F�Z�P�O�E �B �D�F�S�U�B�J�O �U�I�S�F�T�I�P�M�E�Ø�U�I�B�U �J�T�
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�M�OD
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�

� ��
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D t > �D
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Y�D �D�I�B�O�H�F��

����



�F�M�B�T�U�J�D�J�U�Z �J�O �U�S�B
Y�D �J�N�Q�M�J�F�T �U�I�B�U� kl �J�T �B�M�T�P �B �N�F�B�T�V�S�F �P�G �D�P�O�H�F�T�U�J�P�O�� 	_�F �D�S�P�T�T���M�J�O�L �D�P�S�S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �U�I�F

�T�Q�F�F�E �S�B�U�J�P �B�O�E� kl �D�B�O �U�I�F�S�F�G�P�S�F �T�F�S�W�F �B�T �B�O �F�Y�U�F�S�O�B�M �W�B�M�J�E�J�U�Z �D�I�F�D�L �G�P�S �P�V�S �F�T�U�J�N�B�U�F�T��

�5�P �J�N�Q�M�F�N�F�O�U �U�I�J�T �X�J�U�I �P�V�S �E�B�U�B�
 �X�F �T�J�N�Q�M�Z �D�P�N�Q�V�U�F �G�P�S �F�B�D�I �M�J�O�L �U�I�F �S�B�U�J�P �P�G �B�W�F�S�B�H�F �T�Q�F�F�E �U�P �U�I�F

�T�Q�F�F�E �M�J�N�J�U�� 	_�J�T �J�T �T�J�N�J�M�B�S �U�P�"�L�C�B�S �F�U �B�M���	���������C�
�
 �X�I�P �V�T�F �U�I�F �E�J
V�F�S�F�O�D�F �C�F�U�X�F�F�O �S�F�B�M���U�J�N�F �B�O�E �G�S�F�F��
X�P�X

�T�Q�F�F�E�T �B�T �B �N�F�B�T�V�S�F �P�G �D�P�O�H�F�T�U�J�P�O �E�F�M�B�Z�T�� �8�F �V�T�F �U�I�F �T�Q�F�F�E �M�J�N�J�U �U�P �Q�S�P�Y�Z �U�I�F �G�S�F�F��
X�P�X �T�Q�F�F�E �V�T�F�E �J�O

�U�I�F �M�J�U�F�S�B�U�V�S�F�� �8�F �G�P�D�V�T �P�O �X�F�F�L�E�B�Z�T �B�O�E �D�P�O�T�U�S�V�D�U �U�I�F �T�Q�F�F�E �W�B�S�J�B�C�M�F �C�Z �S�F�N�P�W�J�O�H �U�I�F �U�S�V�D�L 
W�Y�F�E �F
V�F�D�U�T

�G�S�P�N �U�I�F �S�B�X �E�B�U�B �U�P �B�D�D�P�V�O�U �G�P�S �V�O�P�C�T�F�S�W�F�E �U�S�V�D�L���M�F�W�F�M �I�F�U�F�S�P�H�F�O�F�J�U�Z��

�$�P�M�V�N�O �	���
 �P�G �5�B�C�M�F�$�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�$ �T�I�P�X�T �U�I�B�U �B�D�S�P�T�T �M�J�O�L�T�
 �U�I�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �J�T

�O�F�H�B�U�J�W�F�M�Z �D�P�S�S�F�M�B�U�F�E �X�J�U�I �U�I�F �S�B�U�J�P �P�G �B�W�F�S�B�H�F �T�Q�F�F�E �U�P �U�I�F �T�Q�F�F�E �M�J�N�J�U�� �$�P�M�V�N�O �	���
 �T�I�P�X�T �U�I�B�U �U�I�F �S�F�T�V�M�U�T

�B�S�F �S�P�C�V�T�U �U�P �B�E�E�J�O�H �D�P�O�U�S�P�M �W�B�S�J�B�C�M�F�T�
 �B�O�E �U�I�F �S�F�T�V�M�U�T �T�U�J�M�M �I�P�M�E �X�I�F�O �X�F �G�V�S�U�I�F�S �D�P�O�U�S�P�M �G�P�S �U�I�F �P�S�J�H�J�O �B�O�E

�E�F�T�U�J�O�B�U�J�P�O 
W�Y�F�E �F
V�F�D�U�T �J�O �D�P�M�V�N�O �	���
�� �)�F�O�D�F�
 �U�I�J�T �D�P�N�Q�B�S�J�T�P�O �U�P �B�O �B�M�U�F�S�O�B�U�J�W�F �B�O�E �J�O�U�V�J�U�J�W�F �N�F�B�T�V�S�F �P�G

�D�P�O�H�F�T�U�J�P�O �T�V�Q�Q�P�S�U�T �U�I�F �D�B�T�F �U�I�B�U �U�I�F �I�F�U�F�S�P�H�F�O�F�J�U�Z �J�O �U�I�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z� kl �D�B�Q�U�V�S�F�T �B�O �J�N�Q�P�S�U�B�O�U

�B�T�Q�F�D�U �P�G �U�S�B
Y�D �B�O�E �U�S�B�W�F�M �U�J�N�F�T��

�'�J�H�V�S�F ���� �4�Q�B�U�J�B�M �%�J�T�U�S�J�C�V�U�J�P�O �P�G �$�P�O�H�F�T�U�J�P�O �&�M�B�T�U�J�D�J�U�J�F�T
�/�P�U�F�T��	_�F 
W�H�V�S�F �T�I�P�X�T �U�I�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �P�O �F�B�D�I �M�J�O�L �P�G �U�I�F �J�O�U�F�S���D�J�U�Z �S�P�B�E �O�F�U�X�P�S�L�� �&�B�D�I �T�U�S�B�J�H�I�U �M�J�O�F

�S�F�Q�S�F�T�F�O�U�T �B �M�J�O�L�
 �B�O�E �U�I�F �E�B�S�L�O�F�T�T �P�G �U�I�F �D�P�M�P�S �S�F�Q�S�F�T�F�O�U�T �U�I�F �W�B�M�V�F �P�G �U�I�F �F�O�E�P�H�F�O�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �C�B�T�F�E
�P�O �F�R�V�B�U�J�P�O �	���
��

����



���� �&�D�P�O�P�N�J�D �(�F�P�H�S�B�Q�I�Z �.�P�E�F�M �B�O�E �4�U�S�V�D�U�V�S�B�M �&�T�U�J�N�B�U�J�P�O

�������� 	^�B�O�U�J�U�B�U�J�W�F �&�D�P�O�P�N�J�D �(�F�P�H�S�B�Q�I�Z �.�P�E�F�M

�8�F �O�P�X �J�O�D�P�S�Q�P�S�B�U�F �U�I�F �H�F�O�F�S�B�M�J�[�F�E �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O �J�O�U�P �B �H�F�O�F�S�B�M �F�R�V�J�M�J�C�S�J�V�N �G�S�B�N�F�X�P�S�L��

�4�Q�F�D�J
W�D�B�M�M�Z�
 �X�F �B�E�P�Q�U �B �E�J�T�D�S�F�U�F �W�F�S�T�J�P�O �P�G �U�I�F �R�V�B�O�U�J�U�B�U�J�W�F �H�F�O�F�S�B�M �F�R�V�J�M�J�C�S�J�V�N �F�D�P�O�P�N�J�D �H�F�P�H�S�B�Q�I�Z

�N�P�E�F�M �P�G�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
�
 �X�I�F�S�F �U�I�F �F�D�P�O�P�N�Z �D�P�O�T�J�T�U�T �P�G �B 
W�O�J�U�F �O�V�N�C�F�S �P�G �M�P�D�B�U�J�P�O�T �J�O�E�F�Y�F�E

�C�Zj 2 f 1; � � � ; N g�� 	_�F �U�P�U�B�M �O�V�N�C�F�S �P�G �X�P�S�L�F�S�T �J�T �D�P�O�T�U�B�O�U �B�O�E �E�F�O�P�U�F�E �C�Z�L �� 	_�F �C�F�O�D�I�N�B�S�L �N�P�E�F�M

�B�T�T�V�N�F�T �Q�F�S�G�F�D�U �M�B�C�P�S �N�P�C�J�M�J�U�Z �B�D�S�P�T�T �M�P�D�B�U�J�P�O�T�� �&�B�D�I �X�P�S�L�F�S �T�V�Q�Q�M�J�F�T �P�O�F �V�O�J�U �P�G �M�B�C�P�S �J�O�F�M�B�T�U�J�D�B�M�M�Z�
 �X�I�J�D�I

�H�J�W�F�T �X�B�H�Fwj �B�T �U�I�F �P�O�M�Z �J�O�D�P�N�F�
 �B�O�E �Q�F�S�G�F�D�U�M�Z �G�S�F�F �M�B�C�P�S �N�P�C�J�M�J�U�Z �J�N�Q�M�J�F�T �X�F�M�G�B�S�F �F�R�V�B�M�J�[�B�U�J�P�O �B�D�S�P�T�T

�M�P�D�B�U�J�P�O�T��

	_�F �Q�S�F�G�F�S�F�O�D�F�T �P�G �B �S�F�Q�S�F�T�F�O�U�B�U�J�W�F �B�H�F�O�U �J�O �M�P�D�B�U�J�P�Oj �B�S�F

Uj =

 
NX

i =1

q
� � 1

�
ij

! �
� � 1

uj ;

�X�I�F�S�F� �J�T �U�I�F �F�M�B�T�U�J�D�J�U�Z �P�G �T�V�C�T�U�J�U�V�U�J�P�O�
qij �E�F�O�P�U�F�T �U�I�F �D�P�O�T�V�N�Q�U�J�P�O �P�G �H�P�P�E�T �G�S�P�N �M�P�D�B�U�J�P�Oi �
 �B�O�Euj �J�T

�U�I�F �M�P�D�B�M �B�N�F�O�J�U�Z �J�O �M�P�D�B�U�J�P�Oj ��

�(�P�P�E�T �B�S�F �Q�S�P�E�V�D�F�E �J�O �B�O �"�S�N�J�O�H�U�P�O �T�F	R�J�O�H�
 �X�I�F�S�F �F�B�D�I �M�P�D�B�U�J�P�O �Q�S�P�E�V�D�F�T �B �E�J�T�U�J�O�D�U �W�B�S�J�F�U�Z �	�X�J�U�I

�U�I�F �T�B�N�F �J�O�E�F�Y �B�T �U�I�F �Q�S�P�E�V�D�J�O�H �M�P�D�B�U�J�P�O�
�� �%�F�O�P�U�F �C�Zqj �U�I�F �R�V�B�O�U�J�U�Z �P�G �H�P�P�E�T �Q�S�P�E�V�D�F�E �J�O �M�P�D�B�U�J�P�Oj ��

	_�F �Q�S�P�E�V�D�U�J�P�O �U�F�D�I�O�P�M�P�H�Z �J�T �M�J�O�F�B�S �B�O�E �V�T�F�T �M�B�C�P�S �B�T �U�I�F �P�O�M�Z �J�O�Q�V�U��qj = A j L j ; �X�I�F�S�FA j �B�O�EL j �B�S�F

�Q�S�P�E�V�D�U�J�W�J�U�Z �B�O�E �M�B�C�P�S �J�O �M�P�D�B�U�J�P�Oj �
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� �"�T�T�V�N�J�O�H �Q�F�S�G�F�D�U �D�P�N�Q�F�U�J�U�J�P�O�
 �X�F �I�B�W�F

wj = pj A j ; �	�����


�X�I�F�S�Fpj �J�T �U�I�F �G�B�D�U�P�S�Z���H�B�U�F �Q�S�J�D�F �P�G �W�B�S�J�F�U�Zj �J�O �J�U�T �I�P�N�F �N�B�S�L�F�U��

	_�F �J�O�D�P�N�F �P�G �U�I�F �S�F�Q�S�F�T�F�O�U�B�U�J�W�F �B�H�F�O�U �T�U�F�N�T �G�S�P�N �M�B�C�P�S �J�O�D�P�N�F�
Yj = wj L j �
 �B�O�E �U�S�B�E�F �J�T �B�M�X�B�Z�T

�C�B�M�B�O�D�F�E�
Yj =
P

i X ij �
 �X�I�F�S�FX ij �E�F�O�P�U�F�T �U�I�F �W�B�M�V�F �P�G �M�P�D�B�U�J�P�Oj �Ý�T �J�N�Q�P�S�U�T �G�S�P�N �M�P�D�B�U�J�P�Oi �� �6�U�J�M�J�U�Z

�N�B�Y�J�N�J�[�B�U�J�P�O �M�F�B�E�T �U�P �B �T�U�B�O�E�B�S�E �H�S�B�W�J�U�Z �F�R�V�B�U�J�P�O�� �U�I�F �W�B�M�V�F �P�G �M�P�D�B�U�J�P�Oj �Ý�T �J�N�Q�P�S�U�T �G�S�P�N �M�P�D�B�U�J�P�Oi �G�P�M�M�P�X�T

X ij = � 1� �
ij p1� �

i P � � 1
j Yj ; �	�����


�X�I�F�S�F� ij �
pi �
Pj �
 �B�O�EYj �E�F�O�P�U�F �U�I�F �J�D�F�C�F�S�H �U�S�B�E�F �D�P�T�U�
 �U�I�F �G�B�D�U�P�S�Z���H�B�U�F �Q�S�J�D�F�
 �U�I�F �%�J�Y�J�U���4�U�J�H�M�J�U�[ �Q�S�J�D�F �J�O�E�F�Y�


�B�O�E �U�I�F �U�P�U�B�M �J�O�D�P�N�F �J�O �U�I�F �M�P�D�B�U�J�P�O�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� 	_�F �%�J�Y�J�U���4�U�J�H�M�J�U�[ �Q�S�J�D�F �J�O�E�F�Y �G�P�M�M�P�X�T

Pj �

 
NX

i =1

(pi � ij )1� �

! 1
1� �

; �	�����


����



�X�I�F�S�FP1 �J�T �O�P�S�N�B�M�J�[�F�E �U�P �P�O�F�� 	_�F �H�P�P�E�T �N�B�S�L�F�U �D�M�F�B�S�J�O�H �D�P�O�E�J�U�J�P�O �J�T

Yj =
NX

i =1

X ji : �	�����


�8�F �B�M�M�P�X �G�P�S �M�P�D�B�M �Q�S�P�E�V�D�U�J�W�J�U�Z �	A j = �A j L �
j �
 �B�O�E �B�N�F�O�J�U�Z �	uj = �uj L �

j �
 �F�Y�U�F�S�O�B�M�J�U�J�F�T �B�T �J�O�"�M�M�F�O �B�O�E

�"�S�L�P�M�B�L�J�T�	���������
�
 �X�I�F�S�F� > 0 �B�O�E� < 0 �H�P�W�F�S�O �U�I�F �J�O�U�F�O�T�J�U�Z �P�G �Q�S�P�E�V�D�U�J�W�J�U�Z �B�O�E �B�N�F�O�J�U�Z �T�Q�J�M�M�P�W�F�S�T�


�S�F�T�Q�F�D�U�J�W�F�M�Z���A j �B�O�E�uj �B�S�F �M�P�D�B�U�J�P�O���T�Q�F�D�J
W�D �D�P�O�T�U�B�O�U �U�F�S�N�T��

	_�F �S�F�Q�S�F�T�F�O�U�B�U�J�W�F �B�H�F�O�U�Ý�T �X�F�M�G�B�S�F�
 �E�F�O�P�U�F�E �C�ZWj �
 �J�T

Wj =
wj

Pj
uj : �	�����


�#�Z �F�N�C�F�E�E�J�O�H �U�I�F �H�S�B�W�J�U�Z �F�R�V�B�U�J�P�O �	�����
�
 �X�F�M�G�B�S�F �F�R�V�B�M�J�[�B�U�J�P�O�
 �B�O�E �F�Y�U�F�S�O�B�M�J�U�J�F�T �J�O�U�P �U�I�F �H�P�P�E�T �N�B�S�L�F�U

�D�M�F�B�S�J�O�H �D�P�O�E�J�U�J�P�O �	�����
 �B�O�E �%�J�Y�J�U���4�U�J�H�M�J�U�[ �Q�S�J�D�F �J�O�E�F�Y �	�����
�
 �X�F �D�B�O �P�C�U�B�J�O �B�O �F�R�V�B�U�J�P�O �T�Z�T�U�F�N �T�V�N�N�B�S�J�[�J�O�H

�U�I�F �F�R�V�J�M�J�C�S�J�V�N �P�G �U�I�F �N�P�E�F�M

w�
j L 1� � (� � 1)

j = W 1� �
NX

i =1

� 1� �
ji

�A � � 1
j �u� � 1

i w�
i L 1+ � (� � 1)

i ; �	�����


w1� �
j L � (1� � )

j = W 1� �
NX

i =1

� 1� �
ij

�A � � 1
i �u� � 1

j w1� �
i L � (� � 1)

i : �	�����


�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
 �Q�S�P�W�F �U�I�B�U �X�J�U�I �G�S�F�F �M�B�C�P�S �N�P�C�J�M�J�U�Z�
 �J�G� + � < 0�
� 1 < � < 0 < � < 1�
 �U�I�F�O

�U�I�F�S�F �F�Y�J�T�U�T �B �V�O�J�R�V�F �F�R�V�J�M�J�C�S�J�V�N �X�J�U�IL j > 0 8j ��

�������� �0�Q�U�J�N�B�M �1�B�U�I �4�F�M�F�D�U�J�P�O

�'�P�M�M�P�X�J�O�H�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
�
 �X�F �F�O�E�P�H�F�O�J�[�F �U�S�B�E�F �D�P�T�U�T �U�I�S�P�V�H�I �U�S�B�E�F�S�T�Ý �P�Q�U�J�N�B�M �Q�B�U�I

�T�F�M�F�D�U�J�P�O�� 	_�FN �M�P�D�B�U�J�P�O�T �J�O �U�I�F �F�D�P�O�P�N�Z �B�S�F �D�P�O�O�F�D�U�F�E �C�Z �B �S�P�B�E �O�F�U�X�P�S�L�
 �X�I�F�S�F �T�P�N�F �M�P�D�B�U�J�P�O���Q�B�J�S�T

�B�S�F �E�J�S�F�D�U�M�Z �D�P�O�O�F�D�U�F�E �X�I�J�M�F �P�U�I�F�S�T �B�S�F �J�O�E�J�S�F�D�U�M�Z �D�P�O�O�F�D�U�F�E �U�I�S�P�V�H�I �P�U�I�F�S �M�P�D�B�U�J�P�O�T�� �8�F �D�I�B�S�B�D�U�F�S�J�[�F

�U�I�F �S�P�B�E �D�P�O�O�F�D�U�J�P�O �U�I�S�P�V�H�I �B�O �J�O�G�S�B�T�U�S�V�D�U�V�S�F �N�B�U�S�J�Y�
�5 = [ t ij ]�
 �X�I�F�S�Ft ij �J�T �U�I�F�E�J�S�F�D�U�U�S�B�E�F �D�P�T�U �G�S�P�N

�M�P�D�B�U�J�P�Oi �U�P �M�P�D�B�U�J�P�Oj �� �à�%�J�S�F�D�U�á �J�N�Q�M�J�F�T �U�I�B�Ut ij 2 [1; 1 ) �J�G �U�I�F �U�X�P �M�P�D�B�U�J�P�O�T �B�S�F �E�J�S�F�D�U�M�Z �D�P�O�O�F�D�U�F�E �C�Z �B

�M�J�O�L�
 �B�O�Et ij = 1 �P�U�I�F�S�X�J�T�F�� �8�F �V�T�Fkl �U�P �E�F�O�P�U�F �B �E�J�S�F�D�U�M�Z �D�P�O�O�F�D�U�F�E �M�P�D�B�U�J�P�O���Q�B�J�S�
 �B�T �P�Q�Q�P�T�F�E �U�Pij �G�P�S

�B �M�P�D�B�U�J�P�O���Q�B�J�S �U�I�B�U �D�B�O �C�F �E�J�S�F�D�U�M�Z �P�S �J�O�E�J�S�F�D�U�M�Z �D�P�O�O�F�D�U�F�E��

�$�P�O�T�J�E�F�S �B �D�P�O�U�J�O�V�V�N �P�G �U�S�B�E�F�S�T�
� 2 [0; 1]�
 �X�I�P �T�I�J�Q �H�P�P�E�T �G�S�P�Ni �U�Pj �� �&�B�D�I �U�S�B�E�F�S �T�F�M�F�D�U�T �P�O�F �Q�B�U�I

�G�S�P�Ni �U�Pj �
 �X�I�J�D�I �D�P�O�T�J�T�U�T �P�G �B �H�S�P�V�Q �P�G �M�J�O�L�T�� �%�F�O�P�U�F �C�Z< ij �U�I�F �T�F�U �P�G �B�M�M �Q�P�T�T�J�C�M�F �Q�B�U�I�T �T�U�B�S�U�J�O�H �G�S�P�N

i �B�O�E �F�O�E�J�O�H �B�Uj �
 �B�O�Er 2 < ij �S�F�Q�S�F�T�F�O�U�T �P�O�F �Q�P�T�T�J�C�M�F �Q�B�U�I�� �*�O �B�E�E�J�U�J�P�O �U�P �J�O�T�U�B�O�U�B�O�F�P�V�T �U�S�B�E�F �D�P�T�U�T

~� ij (r )�
���� �F�B�D�I �U�S�B�E�F�S �B�M�T�P �G�B�D�F�T �B �Q�B�U�I���T�Q�F�D�J
W�D �J�E�J�P�T�Z�O�D�S�B�U�J�D �U�S�B�E�F �D�P�T�U �T�I�P�D�L�
" ij (r; � )�
 �X�I�J�D�I �J�T �E�S�B�X�O

����	_�J�T �U�F�S�N �J�T �E�F
W�O�F�E �B�T �U�I�F �N�V�M�U�J�Q�M�J�D�B�U�J�P�O �P�G �E�J�S�F�D�U �U�S�B�E�F �D�P�T�U �B�T�T�P�D�J�B�U�F�E �X�J�U�I �F�B�D�I �M�J�O�L �B�M�P�O�H �Q�B�U�Ir �� �"�M�M�F�O �B�O�E

����



�G�S�P�N �B�8�F�J�C�V�M�M�E�J�T�U�S�J�C�V�U�J�P�O��

�1�S[" ij (r; � ) � " ] = 1 � �F�Y�Q
�

� " �
�

; �	�����


�X�I�F�S�F� �D�B�Q�U�V�S�F�T �U�I�F �I�F�U�F�S�P�H�F�O�F�J�U�Z �P�G �U�S�B�E�F�S�T�Ý �S�P�V�U�F �Q�S�F�G�F�S�F�O�D�F�T�� �" �I�J�H�I�F�S� �W�B�M�V�F �J�N�Q�M�J�F�T �M�F�T�T �E�J�T�Q�F�S�T�F�E

�Q�S�F�G�F�S�F�O�D�F�T �B�O�E�
 �I�F�O�D�F�
 �N�P�S�F �B�H�S�F�F�N�F�O�U �D�P�O�D�F�S�O�J�O�H �U�I�F �P�Q�U�J�N�B�M �Q�B�U�I�� 	_�F�S�F�G�P�S�F�
 �F�B�D�I �U�S�B�E�F�S�Ý�T �U�P�U�B�M �U�S�B�E�F

�D�P�T�U �G�S�P�Ni �U�Pj �B�M�P�O�H �Q�B�U�Ir �J�T~� ij (r ) " ij (r; � )�� 	_�F �P�Q�U�J�N�B�M �Q�B�U�I �G�P�S �U�S�B�E�F�S� �T�P�M�W�F�T

� ij (� ) = �N�J�O
r

~� ij (r ) " ij (r; � ) : �	�����


	_�F �P�Q�U�J�N�J�[�F�E� ij (� ) �J�T �U�S�B�E�F�S� �Ý�T �U�P�U�B�M �U�S�B�E�F �D�P�T�U �G�S�P�Ni �U�Pj �� �"�Q�Q�M�Z�J�O�H �U�I�F �B�C�P�W�F �F�R�V�B�U�J�P�O �U�P �B�M�M �U�S�B�E�F�S�T�


�X�F �P�C�U�B�J�O �U�I�F �B�W�F�S�B�H�F �U�S�B�E�F �D�P�T�U �G�S�P�Ni �U�Pj �
E� [� ij (� )]�
 �X�I�J�D�I �J�T� ij �J�O �U�I�F �H�F�O�F�S�B�M �F�R�V�J�M�J�C�S�J�V�N �N�P�E�F�M �J�O

�4�F�D�U�J�P�O�������


� ij =

0

@c� �
1X

K =0

X

r 2< ij;K

KY

� =1

ar � � 1 r �

1

A

� 1
�

=

 

c� �
1X

K =0

�" K
ij

! � 1
�

=
�

c� � bij

� � 1
� ; �	�����


�X�I�F�S�Fc � � (( � + 1) / � )�
< ijK �J�O�E�J�D�B�U�F�T �U�I�F �T�F�U �P�G �Q�B�U�I�T �G�S�P�Ni �U�Pj �X�J�U�I �M�F�O�H�U�IK �
aij � t � �
ij �
�" � [aij ]�


�" K
ij �J�T �U�I�Fij ���U�I �F�M�F�N�F�O�U �P�G�" K �
 �B�O�Ebij �

P 1
K =0 �" K

ij ������

�5�P �J�M�M�V�T�U�S�B�U�F �U�I�F �F
V�F�D�U �P�G �J�O�G�S�B�T�U�S�V�D�U�V�S�F �P�O �U�S�B�E�F �D�P�T�U�T�
 �M�F�U �V�T 
W�S�T�U �U�B�L�Ftkl �B�T �F�Y�P�H�F�O�P�V�T �Q�B�S�B�N�F�U�F�S�T �B�O�E

�F�Y�B�N�J�O�F �U�I�F�J�S �F
V�F�D�U�T �P�O �U�S�B�E�F �D�P�T�U�T�� �"�D�D�P�S�E�J�O�H �U�P�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
�
 �U�I�F �F�M�B�T�U�J�D�J�U�Z �P�G �U�S�B�E�F �D�P�T�U

�C�F�U�X�F�F�O �B�O�Z �M�P�D�B�U�J�P�O���Q�B�J�S�
� ij �
 �X�J�U�I �S�F�T�Q�F�D�U �U�Ptkl �J�T

�E �M�O� ij

�E �M�Otkl
=

�
� ij

� ik tkl � lj
c
� �

: �	�����


�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
 �B�M�T�P �Q�S�P�W�F �U�I�B�U �U�I�F �F�M�B�T�U�J�D�J�U�Z �D�B�O �C�F �J�O�U�F�S�Q�S�F�U�F�E �B�T �U�I�F �Q�S�P�C�B�C�J�M�J�U�Z �P�G �B �U�S�B�E�F�S

�V�T�J�O�H �M�J�O�Lkl �X�I�F�O �D�P�O�T�J�E�F�S�J�O�H �N�P�W�J�O�H �H�P�P�E�T �G�S�P�Ni �U�Pj �� �-�F�U �V�T �E�F�O�P�U�F �C�Z� kl �U�I�F �U�P�U�B�M �U�S�B�E�F 
X�P�X �U�I�S�P�V�H�I

�M�J�O�Lkl �
 �X�I�J�D�I �J�T �U�I�F�O �H�J�W�F�O �C�Z

� kl =
X

i

X

j

X ij

�
� ij

� ik tkl � lj
c
� �

: �	�����


�������� �5�S�B
Y�D �'�M�P�X �B�O�E �3�P�B�E �$�P�O�H�F�T�U�J�P�O

�8�F �B�T�T�V�N�F �U�I�B�U �U�I�F �U�S�B�E�F 
X�P�X �U�I�S�P�V�H�I �M�J�O�Lkl �E�F�U�F�S�N�J�O�F�T �U�I�F �U�S�B
Y�D 
X�P�X �P�S �W�P�M�V�N�F �	�E�F�O�P�U�F�E �C�ZVkl �
�


�X�I�J�D�I �J�T �E�F
W�O�F�E �B�T �U�I�F �O�V�N�C�F�S �P�G �U�S�V�D�L�T �Q�B�T�T�J�O�H �U�I�S�P�V�H�I �B �M�J�O�Lkl �Q�F�S �V�O�J�U �P�G �U�J�N�F�
 �U�I�S�P�V�H�I

�M�O(Vkl ) = � + � �M�O(� kl ) ; �	�����


�"�S�L�P�M�B�L�J�T�	���������
 �T�I�P�X �U�I�B�U �S�F�Q�M�B�D�J�O�H �N�V�M�U�J�Q�M�J�D�B�U�J�W�F �D�P�T�U�T �C�Z �B�E�E�J�U�J�W�F �D�P�T�U�T �D�B�O �B�M�T�P �H�F�O�F�S�B�U�F �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z �F�R�V�B�M
�S�F�T�V�M�U�T��

�����)�F�S�F�
�# �
P

K �" K �J�G
P

j aij =
P

j t � �
ij < 1 �G�P�S8i ��

����



�X�I�F�S�F� 2 (0; 1]�� 	_�F �U�S�B
Y�D 
X�P�X �J�T �D�M�P�T�F�M�Z �D�P�O�O�F�D�U�F�E �U�P �U�I�F �D�P�N�Q�P�O�F�O�U�T �P�G �P�V�S �H�F�O�F�S�B�M�J�[�F�E �D�P�O�H�F�T�U�J�P�O

�F�R�V�B�U�J�P�O�
 �T�Q�F�F�E �B�O�E �E�F�O�T�J�U�Z������ �4�Q�F�D�J
W�D�B�M�M�Z�
 �U�S�B
Y�D 
X�P�X �Q�F�S �M�B�O�F �J�T �F�R�V�B�M �U�P �U�I�F �Q�S�P�E�V�D�U �P�G �T�Q�F�F�E �B�O�E �E�F�O�T�J�U�Z

�	�4�N�B�M�M �B�O�E �7�F�S�I�P�F�G�
���������
�
 �B�O�E �U�I�F �S�F�M�B�U�J�P�O�T�I�J�Q �D�B�O �C�F �F�Y�Q�M�J�D�J�U�M�Z �F�Y�Q�S�F�T�T�F�E �B�T

Vkl = skl � Dkl � lanekl ; �	�����


�X�I�F�S�Fskl �B�O�EDkl �E�F�O�P�U�F �U�I�F �B�W�F�S�B�H�F �E�S�J�W�J�O�H �T�Q�F�F�E �B�O�E �U�S�B
Y�D �E�F�O�T�J�U�Z �P�O �M�J�O�Lkl ������ �&�R�V�B�U�J�P�O �	�����
 �J�T

�D�P�O�T�J�T�U�F�O�U �X�J�U�I �U�I�F �V�O�J�U�T �P�G �N�F�B�T�V�S�F�
 �J���F���
 �W�F�I�J�D�M�F/ �I�P�V�S= ( �L�N/ �I�P�V�S) � (�W�F�I�J�D�M�F/ ( �L�N� �M�B�O�F)) � �M�B�O�F��

�"�T �U�I�F �V�O�J�U�T �P�G �N�F�B�T�V�S�F �T�I�P�X�
 �U�I�F �J�O�W�F�S�T�F �P�G �T�Q�F�F�E �J�T �U�S�B�W�F�M �E�V�S�B�U�J�P�O �Q�F�S �L�J�M�P�N�F�U�F�S�� �%�F�O�P�U�FHkl �B�T �U�I�F

�U�S�B�W�F�M �E�V�S�B�U�J�P�O �G�S�P�Nk �U�Pl �
 �X�I�J�D�I �J�T �F�R�V�B�M �U�P �U�I�F �Q�S�P�E�V�D�U �P�G1/ skl �B�O�E �M�J�O�Lkl �Ý�T �M�F�O�H�U�I�� �8�F �B�T�T�V�N�F �U�I�F

�E�S�J�W�J�O�H �I�P�V�S�THkl �E�F�U�F�S�N�J�O�F �U�I�F �U�S�B�E�F �D�P�T�U �P�O �E�J�S�F�D�U �M�J�O�Lkl �
tkl �
 �U�I�S�P�V�H�I �U�I�F �G�P�M�M�P�X�J�O�H �F�R�V�B�U�J�P�O �	�"�M�M�F�O

�B�O�E �"�S�L�P�M�B�L�J�T�
�����������'�B�O�
 �-�V �B�O�E �-�V�P�
�����������.�B �B�O�E �5�B�O�H�
���������


tkl = �F�Y�Q(� � Hkl ) ; �	�����


�X�I�F�S�F� > 0�
 �X�I�J�D�I �F�O�T�V�S�F�Ttkl � 1��

�*�O �B�E�E�J�U�J�P�O �U�P �T�B�U�J�T�G�Z�J�O�H �F�R�V�B�U�J�P�O �	�����
�
 �U�I�F �B�W�F�S�B�H�F �E�S�J�W�J�O�H �T�Q�F�F�Eskl �B�O�E �U�I�F �B�W�F�S�B�H�F �E�F�O�T�J�U�ZDkl �B�S�F

�B�M�T�P �E�J�T�D�J�Q�M�J�O�F�E �C�Z �U�I�F �F�T�U�J�N�B�U�F�E �H�F�O�F�S�B�M�J�[�F�E �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O�


�M�O
�

1
skl

�
1

� 0kl

�
= b̂1

�
Dkl � ��

�
Dkl � �D

	
+ �D

�
�M�ODkl + 1 � �M�O�D

�
� ��

�
Dkl > �D

	�
+ f�'�&kl ; �	�����


�X�I�F�S�Fb̂1 �J�T �C�B�T�F�E �P�O �D�P�M�V�N�O �	���
 �P�G �5�B�C�M�F���
 �B�O�Ef�'�&kl �E�F�O�P�U�F�T �U�I�F �M�J�O�L���T�Q�F�D�J
W�D �B�W�F�S�B�H�F �P�G �U�I�F �F�T�U�J�N�B�U�F�E 
W�Y�F�E

�F
V�F�D�U�T������ �*�O �P�U�I�F�S �X�P�S�E�T�
 �X�F �F�N�C�F�E �P�V�S �D�P�O�H�F�T�U�J�P�O �F�T�U�J�N�B�U�J�P�O �J�O�U�P �U�I�F �R�V�B�O�U�J�U�B�U�J�W�F �H�F�O�F�S�B�M �F�R�V�J�M�J�C�S�J�V�N

�G�S�B�N�F�X�P�S�L �U�I�S�P�V�H�I �F�R�V�B�U�J�P�O �	�����
�
 �X�I�J�D�I �V�T�F�T �U�I�F �G�V�O�D�U�J�P�O�B�M �G�P�S�N �P�G �P�V�S �H�F�O�F�S�B�M�J�[�F�E �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O

�	���
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kl �B�O�EH sim

kl �
 �S�F�T�Q�F�D�U�J�W�F�M�Z�� 	_�F �B�M�H�P�S�J�U�I�N �G�P�S �T�P�M�W�J�O�HF sim
kl �B�O�EH sim

kl �J�T

�J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�%������ �8�F �V�T�F �O�P�O�M�J�O�F�B�S �M�F�B�T�U �T�R�V�B�S�F�T �	�/�-�4�
 �U�P �F�T�U�J�N�B�U�F� �
 �J���F���
 �N�J�O�J�N�J�[�J�O�H �U�I�F �E�J�T�U�B�O�D�F

�C�F�U�X�F�F�OF sim
kl �
H sim

kl �B�O�E �U�I�F�J�S �P�C�T�F�S�W�F�E �D�P�V�O�U�F�S�Q�B�S�U�T �J�O �U�I�F �E�B�U�B�
 �E�F�O�P�U�F�E �C�ZF data
kl �
H data

kl �� �8�F �F�T�U�J�N�B�U�F

� �V�T�J�O�H

�̂ = argmin
�

X

kl

� �
�M�O

�
F sim

kl

�
� �M�O

�
F data

kl

�� 2
+

�
�M�O

�
H sim

kl

�
� �M�O

�
H data

kl

�� 2
�

: �	�����


� �B�O�E� �B
V�F�D�U �C�P�U�IF sim
kl �B�O�EH sim

kl �� 	_�F �J�E�F�O�U�J
W�D�B�U�J�P�O �P�G� �B�O�E� �D�P�N�F�T �G�S�P�NH sim
kl �
 �P�O �X�I�J�D�I �U�I�F�Z �I�B�W�F

�B 
W�S�T�U���P�S�E�F�S �F
V�F�D�U������

�������� �&�T�U�J�N�B�U�J�P�O �3�F�T�V�M�U�T

	_�F �F�T�U�J�N�B�U�J�P�O �S�F�T�V�M�U�T �B�S�F �S�F�Q�P�S�U�F�E �J�O �'�J�H�V�S�F�� �B�O�E �5�B�C�M�F���� �'�J�H�V�S�F�� �T�I�P�X�T �U�I�B�U �U�I�F �F�T�U�J�N�B�U�F�E �N�P�E�F�M


W�U�T �U�I�F �E�B�U�B �X�F�M�M�� 	_�F �D�P�S�S�F�M�B�U�J�P�O �D�P�F
Y�D�J�F�O�U�T �C�F�U�X�F�F�O �M�O(F sim (�̂ )
kl ) �B�O�E �M�O(F data

kl ) �B�S�F �B�S�P�V�O�E �������
 �X�I�J�D�I

�J�T �I�J�H�I�F�S �U�I�B�O �U�I�F �D�P�S�S�F�M�B�U�J�P�O �P�G �������� �J�O�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
�� �M�O(H sim (�̂ )
kl ) 
W�U�T �M�O(H data

kl ) �B�M�N�P�T�U

�Q�F�S�G�F�D�U�M�Z�
 �X�J�U�I �D�P�S�S�F�M�B�U�J�P�O �D�P�F
Y�D�J�F�O�U�T �P�G �B�S�P�V�O�E ���������� 	_�F �F�T�U�J�N�B�U�F�E �Q�B�S�B�N�F�U�F�S �W�B�M�V�F�T�
�̂ �
 �B�S�F �S�F�Q�P�S�U�F�E �J�O

�5�B�C�M�F���� 	_�F �F�T�U�J�N�B�U�F�E� �
� �
� �B�O�E� �B�S�F �����������
 ���������
 �������� �B�O�E �����������
 �B�O�E �B�S�F �Q�S�F�D�J�T�F�M�Z �F�T�U�J�N�B�U�F�E��

�'�J�H�V�S�F ���� �.�P�E�F�M �'�J�U
�/�P�U�F�T��	_�F 
W�H�V�S�F �T�I�P�X�T �U�I�F �N�P�E�F�M 
W�U �C�B�T�F�E �P�O �U�I�F �T�U�S�V�D�U�V�S�B�M �F�T�U�J�N�B�U�J�P�O �J�O �F�R�V�B�U�J�P�O �	�����
�� �1�B�O�F�M�T �" �B�O�E �# �Q�M�P�U �U�I�F

�O�V�N�C�F�S �P�G �U�S�V�D�L�T �	�M�O(Fkl )�
 �B�O�E �E�S�J�W�J�O�H �U�J�N�F �J�O �I�P�V�S�T �	�M�O(H kl )�
 �J�O �U�I�F �E�B�U�B �B�O�E �T�J�N�V�M�B�U�F�E �G�S�P�N �U�I�F �F�T�U�J�N�B�U�F�E �N�P�E�F�M�

�S�F�T�Q�F�D�U�J�W�F�M�Z�� 	_�F �S�F�E �M�J�O�F �S�F�Q�S�F�T�F�O�U�T �U�I�F �������E�F�H�S�F�F �M�J�O�F��

�����0�V�S �F�T�U�J�N�B�U�J�P�O �T�U�S�B�U�F�H�Z �J�T �B�M�N�P�T�U �U�I�F �T�B�N�F �B�T �U�I�B�U �J�O�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
�
 �C�V�U �U�I�F�S�F �J�T �P�O�F �J�N�Q�P�S�U�B�O�U
�E�J
V�F�S�F�O�D�F���"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
 �E�P �O�P�U �J�O�D�M�V�E�F �U�I�F�J�S �E�B�U�B �P�O �I�P�V�S�T �G�S�P�N �(�P�P�H�M�F �.�B�Q�T �J�O �U�I�F�J�S �/�-�4 �F�T�U�J�N�B�U�J�P�O��
�0�V�S �I�P�V�S�T �B�S�F �G�S�P�N �U�I�F �S�F�B�M���U�J�N�F �(�1�4 �E�B�U�B �P�G �B�D�U�V�B�M �U�S�J�Q�T�
 �B�O�E �X�F �J�O�D�M�V�E�F �U�I�J�T �W�B�S�J�B�C�M�F �J�O �U�I�F �/�-�4��

����



�5�B�C�M�F ���� �4�U�S�V�D�U�V�S�B�M �&�T�U�J�N�B�U�J�P�O �P�G �.�P�E�F�M �1�B�S�B�N�F�U�F�S�T

� � � �

�&�T�U�J�N�B�U�F�E �Q�B�S�B�N�F�U�F�S�������������� ������������ ������������ ��������������
�	�4���&���
 �	�������������
 �	�������������
 �	�������������
 �	�������������


�/�P�U�F�T��	_�F �U�B�C�M�F �T�I�P�X�T �U�I�F �S�F�T�V�M�U�T �P�G �U�I�F �T�U�S�V�D�U�V�S�B�M �F�T�U�J�N�B�U�J�P�O �P�G �F�R�V�B�U�J�P�O �	�����
�� � �J�T �U�I�F �T�I�B�Q�F �Q�B�S�B�N�F�U�F�S �G�P�S
�U�S�B�E�F�S�T�Ý �Q�S�F�G�F�S�F�O�D�F �I�F�U�F�S�P�H�F�O�F�J�U�Z�
� �J�T �U�I�F �D�P�T�U �Q�B�S�B�N�F�U�F�S �P�G �E�S�J�W�J�O�H �I�P�V�S�T�
 �B�O�E� �B�O�E� �B�S�F �Q�B�S�B�N�F�U�F�S�T �J�O �U�I�F �U�S�B
Y�D

X�P�X �F�R�V�B�U�J�P�O�� �4�U�B�O�E�B�S�E �F�S�S�P�S�T �S�F�Q�P�S�U�F�E �J�O �Q�B�S�F�O�U�I�F�T�F�T �B�S�F �D�B�M�D�V�M�B�U�F�E �U�I�S�P�V�H�I �U�I�F �O�V�N�F�S�J�D�B�M �J�N�Q�M�F�N�F�O�U�B�U�J�P�O �P�G �U�I�F
�D�P�W�B�S�J�B�O�D�F �N�B�U�S�J�Y �P�G �O�P�O�M�J�O�F�B�S �M�F�B�T�U �T�R�V�B�S�F �F�T�U�J�N�B�U�J�P�O �G�S�P�N�)�B�O�T�F�O�	���������
��

���� �4�Q�B�U�J�B�M �%�J�T�Q�F�S�T�J�P�O �P�G �3�F�U�V�S�O�T �B�O�E �.�J�T�B�M�M�P�D�B�U�J�P�O

�*�O �U�I�J�T �T�F�D�U�J�P�O�
 �X�F 
W�S�T�U �V�T�F �U�I�F �F�T�U�J�N�B�U�F�E �N�P�E�F�M �U�P �D�P�N�Q�V�U�F �U�I�F �X�F�M�G�B�S�F �H�B�J�O�T �G�S�P�N �F�Y�Q�B�O�E�J�O�H �U�I�F

�D�B�Q�B�D�J�U�Z �P�G �J�O�E�J�W�J�E�V�B�M �M�J�O�L�T�� �8�J�U�I �U�I�F �J�O�W�F�T�U�N�F�O�U �D�P�T�U�T �D�B�M�D�V�M�B�U�F�E �G�S�P�N �U�I�F �E�B�U�B�
 �X�F �D�B�O �D�P�N�Q�V�U�F �U�I�F

�S�F�U�V�S�O�T �U�P �D�B�Q�B�D�J�U�Z �F�Y�Q�B�O�T�J�P�O �P�O �F�B�D�I �M�J�O�L �B�O�E �S�F�W�F�B�M �U�I�F �J�O�W�F�T�U�N�F�O�U �N�J�T�B�M�M�P�D�B�U�J�P�O �U�I�S�P�V�H�I �U�I�F �M�F�O�T �P�G

�E�J�T�Q�F�S�T�J�P�O �J�O �S�F�U�V�S�O�T��

�������� �8�F�M�G�B�S�F �(�B�J�O �G�S�P�N �*�O�E�J�W�J�E�V�B�M �3�P�B�E �*�O�W�F�T�U�N�F�O�U�T

	_�F �X�F�M�G�B�S�F �H�B�J�O �G�S�P�N �F�Y�Q�B�O�E�J�O�H �U�I�F �D�B�Q�B�D�J�U�Z �P�G �J�O�E�J�W�J�E�V�B�M �M�J�O�L�T �J�T �D�B�M�D�V�M�B�U�F�E �B�T

B (� kl ) =
W (� kl ) � W

W
� GDP; �	�����


�X�I�F�S�FW �B�O�EW (� kl ) �S�F�Q�S�F�T�F�O�U �U�I�F �X�F�M�G�B�S�F �J�O �U�I�F �C�F�O�D�I�N�B�S�L �N�P�E�F�M �B�O�E �U�I�F �D�P�V�O�U�F�S�G�B�D�U�V�B�M �X�J�U�I �U�I�F

�D�B�Q�B�D�J�U�Z �F�Y�Q�B�O�T�J�P�O �G�P�S �M�J�O�Lkl �
� kl �
 �S�F�T�Q�F�D�U�J�W�F�M�Z��GDP �J�T �T�F�U �F�R�V�B�M �U�P �J�U�T �O�P�N�J�O�B�M �W�B�M�V�F �J�O ����������

�0�O�D�F �U�I�F �F�Y�P�H�F�O�P�V�T �Q�S�P�E�V�D�U�J�W�J�U�J�F�T �B�O�E �B�N�F�O�J�U�J�F�T �I�B�W�F �C�F�F�O �S�F�D�P�W�F�S�F�E�
 �X�F �D�B�O �T�J�N�V�M�B�U�F �U�I�F �N�P�E�F�M

�C�B�T�F�E �P�O �U�I�F �S�P�B�E �D�B�Q�B�D�J�U�Z �J�O �������� �U�P �P�C�U�B�J�OW �
 �B�O�E �S�F���T�J�N�V�M�B�U�F �U�I�F �N�P�E�F�M �V�T�J�O�H �U�I�F �F�Y�Q�B�O�E�F�E �D�B�Q�B�D�J�U�Z

�J�O �U�I�F �D�P�V�O�U�F�S�G�B�D�U�V�B�M �T�D�F�O�B�S�J�P �U�P �P�C�U�B�J�OW (� kl )�� �8�F �U�I�F�O �P�C�U�B�J�OB (� kl ) �C�Z �F�R�V�B�U�J�P�O �	�����
�� �'�J�H�V�S�F�&����

�J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&�����W�J�T�V�B�M�J�[�F�TB (� kl ) �G�P�S �F�Y�Q�B�O�E�J�O�H �F�B�D�I �M�J�O�L �B�U �B �U�J�N�F �J�O �U�I�F �T�U�S�V�D�U�V�S�B�M�M�Z �F�T�U�J�N�B�U�F�E

�N�P�E�F�M�
 �X�I�F�S�F �U�I�F �Q�B�S�B�N�F�U�F�S �W�B�M�V�F�T �B�S�F �G�S�P�N �5�B�C�M�F���� �8�I�F�O �X�F �D�P�O�T�J�E�F�S �B �T�N�B�M�M� kl �	�F���H���
 ���� �J�O�D�S�F�B�T�F �P�G

�S�P�B�E �D�B�Q�B�D�J�U�Z�
�
 �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�HB (� kl ) �D�B�O �B�Q�Q�S�P�Y�J�N�B�U�F �U�I�F �à�N�B�S�H�J�O�B�M �H�B�J�O�á �G�S�P�N �S�P�B�E �F�Y�Q�B�O�T�J�P�O�
 �B�T

�D�I�B�S�B�D�U�F�S�J�[�F�E �J�O�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
������

�����8�I�F�O �U�I�F �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O �J�T �E�J
V�F�S�F�O�U�J�B�C�M�F �J�O �U�F�S�N�T �P�G �U�S�B
Y�D �E�F�O�T�J�U�Z�
 �X�F �D�B�O �E�F�S�J�W�F �X�F�M�G�B�S�F �F�M�B�T�U�J�D�J�U�Z �P�G
�S�P�B�E �F�Y�Q�B�O�T�J�P�O�
 �B�T �J�O�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
�� �4�V�D�I �B�O �F�M�B�T�U�J�D�J�U�Z �H�J�W�F�T �V�T �B �T�U�S�B�J�H�I�U�G�P�S�X�B�S�E �D�I�B�S�B�D�U�F�S�J�[�B�U�J�P�O �P�G
�U�I�F �à�N�B�S�H�J�O�B�M �H�B�J�O�á �G�S�P�N �B �T�N�B�M�M �S�P�B�E �F�Y�Q�B�O�T�J�P�O�
 �X�I�J�D�I �J�T �Q�S�F�T�F�O�U�F�E �J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&������

����



�������� �$�P�T�U �$�B�M�D�V�M�B�U�J�P�O �1�S�P�D�F�E�V�S�F

�8�F �B�T�T�V�N�F �U�I�F �V�O�J�U �D�P�O�T�U�S�V�D�U�J�P�O �D�P�T�U �G�P�S �B �M�J�O�L �U�P �C�F �Q�S�P�Q�P�S�U�J�P�O�B�M �U�P �J�U�T �T�M�P�Q�F��UCS
kl / 1 + slopekl ������

�8�F �N�F�B�T�V�S�Fslopekl �C�Z �U�I�F �B�W�F�S�B�H�F �T�M�P�Q�F �B�D�S�P�T�T �B�M�M �H�S�J�E�T �J�O �U�I�F �� �L�N �C�V
V�F�S �[�P�O�F �P�G �M�J�O�Lkl �	�T�F�F �0�O�M�J�O�F

�"�Q�Q�F�O�E�J�Y�"�����G�P�S �B �E�F�T�D�S�J�Q�U�J�P�O �P�G �U�I�F �E�B�U�B�
�� �8�F �U�I�F�O �D�B�M�J�C�S�B�U�F �U�I�F �V�O�J�U �D�P�O�T�U�S�V�D�U�J�P�O �D�P�T�U �G�P�S �P�O�F �T�Q�F�D�J
W�D

�M�J�O�L �T�P �U�I�B�U �U�I�F �B�W�F�S�B�H�F �P�G �V�O�J�U �D�P�O�T�U�S�V�D�U�J�P�O �D�P�T�U�T �B�D�S�P�T�T �B�M�M �M�J�O�L�T�
 �X�F�J�H�I�U�F�E �C�Z �F�B�D�I �M�J�O�L�Ý�T �B�S�F�B�
 �N�B�U�D�I�F�T �U�I�F

�O�B�U�J�P�O�B�M �B�W�F�S�B�H�F �D�P�O�T�U�S�V�D�U�J�P�O �D�P�T�U �P�G ������ �N�J�M�M�J�P�O �3�.�# �Q�F�S �M�B�O�F���L�N �J�O �������������������� 	_�F �E�F�U�B�J�M�F�E �Q�S�P�D�F�E�V�S�F�T

�G�P�S �D�B�M�D�V�M�B�U�J�O�H �U�I�F �V�O�J�U �D�P�T�U �B�S�F �Q�S�P�W�J�E�F�E �J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&������

�0�V�S �B�Q�Q�S�P�B�D�I �S�F�H�B�S�E�J�O�H �U�I�F �P�Q�Q�P�S�U�V�O�J�U�Z �D�P�T�U �P�G �M�B�O�E �J�T �C�B�T�F�E �P�O �U�I�F �M�B�O�E �Q�S�J�D�F �J�O�G�P�S�N�B�U�J�P�O �G�P�S �F�B�D�I

�Z�F�B�S �C�F�U�X�F�F�O �������� �B�O�E �������� �	�T�F�F �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�"�����G�P�S �B �E�F�T�D�S�J�Q�U�J�P�O �P�G �U�I�F �E�B�U�B�
�� �"	O�F�S �H�F�P�D�P�E�J�O�H �F�B�D�I

�M�B�O�E �Q�B�S�D�F�M�Ý�T �B�E�E�S�F�T�T �B�T �B �Q�P�J�O�U �V�T�J�O�H �U�I�F �(�B�P�%�F �.�B�Q �"�1�*�
 �X�F �B�T�T�J�H�O �U�I�F�T�F �Q�B�S�D�F�M�T �U�P �M�J�O�L�T �B�D�D�P�S�E�J�O�H �U�P

�U�I�F �D�S�J�U�F�S�J�P�O �U�I�B�U �U�I�F �Q�P�J�O�U �J�T �X�J�U�I�J�O �B �� �L�N �C�V
V�F�S �[�P�O�F �P�G �U�I�F �S�P�B�E�� 	_�F�O�
 �G�P�S �F�B�D�I �T�F�H�N�F�O�U�
 �X�F �D�B�M�D�V�M�B�U�F

�U�I�F �N�F�B�O �W�B�M�V�F �P�G �M�B�O�E �Q�S�J�D�F�T �C�Z �U�B�L�J�O�H �U�I�F �B�W�F�S�B�H�F �B�D�S�P�T�T �B�M�M �M�B�O�E �Q�B�S�D�F�M�T �U�I�B�U �B�S�F �N�B�U�D�I�F�E�� �#�Z �U�B�L�J�O�H

�U�I�F �B�W�F�S�B�H�F �B�D�S�P�T�T �B�M�M �T�F�H�N�F�O�U�T �P�G �B �M�J�O�L�
 �X�F �P�C�U�B�J�O �U�I�F �B�W�F�S�B�H�F �V�O�J�U �M�B�O�E �Q�S�J�D�F �G�P�S �F�B�D�I �M�J�O�L�
 �E�F�O�P�U�F�E �C�Z

UCL
kl ��

����

	_�F �V�O�J�U �D�P�T�U�T �G�P�S �J�N�Q�S�P�W�J�O�H �F�B�D�I �M�J�O�L �B�S�F �Q�S�F�T�F�O�U�F�E �J�O �'�J�H�V�S�F�T�&�����B�O�E�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&������ �"�T

�F�Y�Q�F�D�U�F�E�
 �U�I�F �D�P�O�T�U�S�V�D�U�J�P�O �D�P�T�U�T �B�S�F �N�V�D�I �I�J�H�I�F�S �J�O �N�P�V�O�U�B�J�O�P�V�T �T�P�V�U�I�F�B�T�U�F�S�O �B�O�E �T�P�V�U�I�X�F�T�U�F�S�O �B�S�F�B�T�


�B�O�E �U�I�F �M�B�O�E �Q�S�J�D�F�T �B�S�F �N�V�D�I �I�J�H�I�F�S �J�O �N�P�S�F �E�F�W�F�M�P�Q�F�E �B�S�F�B�T �M�J�L�F �:�B�O�H�U�[�F �B�O�E �1�F�B�S�M �3�J�W�F�S �%�F�M�U�B�T �B�O�E

�#�F�J�K�J�O�H���5�J�B�O�K�J�O���)�F�C�F�J�� �#�Z �Q�V	R�J�O�H �U�I�F �B�C�P�W�F �U�X�P �V�O�J�U �D�P�T�U�T �U�P�H�F�U�I�F�S�
 �X�F �P�C�U�B�J�O �U�I�F �U�P�U�B�M �D�P�T�U �P�G �S�P�B�E

�F�Y�Q�B�O�T�J�P�O �P�O �M�J�O�Lkl ��

C (� kl ) =
�
UCS

kl + UCL
kl

�
� lengthkl � � kl : �	�����


�������� �3�F�U�V�S�O�T �G�S�P�N �*�O�E�J�W�J�E�V�B�M �3�P�B�E �*�O�W�F�T�U�N�F�O�U�T

	_�F �S�F�U�V�S�O �G�S�P�N �F�Y�Q�B�O�E�J�O�H �P�O�F �M�J�O�L �J�T �H�J�W�F�O �C�Z

R (� kl ) =
B (� kl )
C (� kl )

� M; �	�����


�X�I�F�S�FB (� kl ) �B�O�EC (� kl ) �G�P�M�M�P�X �F�R�V�B�U�J�P�O�T �	�����
 �B�O�E �	�����
�
 �S�F�T�Q�F�D�U�J�W�F�M�Z�
 �B�O�EM �E�F�O�P�U�F�T �U�I�F �B�O�O�V�B�M

�N�B�J�O�U�F�O�B�O�D�F �D�P�T�U�� �'�P�M�M�P�X�J�O�H�0
Y�D�F �P�G �U�I�F �4�U�B�U�F �"�V�E�J�U�P�S�	���������
 �B�O�E�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
���������
�
 �X�F

����	_�F �S�F�M�B�U�J�P�O�T�I�J�Q �C�F�U�X�F�F�O �D�P�O�T�U�S�V�D�U�J�P�O �D�P�T�U�T �B�O�E �T�M�P�Q�F �J�T �T�J�N�J�M�B�S �U�P �U�I�B�U �J�O�'�B�C�F�S�	���������
�
 �C�V�U �I�J�T �F�R�V�B�U�J�P�O �B�M�T�P
�J�O�D�M�V�E�F�T �P�U�I�F�S �E�F�U�F�S�N�J�O�B�O�U�T �T�V�D�I �B�T �V�S�C�B�O �M�B�O�E�T�
 �X�I�J�D�I �B�S�F �B�M�S�F�B�E�Z �B�U �M�F�B�T�U �Q�B�S�U�J�B�M�M�Z �D�B�Q�U�V�S�F�E �U�I�S�P�V�H�I �P�V�S �E�B�U�B �P�O
�M�B�O�E �Q�S�J�D�F�T��

����	_�F �E�B�U�B �T�P�V�S�D�F �P�G �U�I�F �D�B�M�D�V�M�B�U�J�P�O �J�T�4�U�B�U�J�T�U�J�D�B�M �3�F�Q�P�S�U �P�G �U�I�F �%�F�W�F�M�P�Q�N�F�O�U �P�G �5�S�B�O�T�Q�P�S�U�B�U�J�P�O �*�O�E�V�T�U�S�Z�
 �B�O�E �U�I�F
�B�O�O�V�B�M �D�P�O�T�U�S�V�D�U�J�P�O �D�P�T�U�T �B�S�F �B�E�K�V�T�U�F�E �U�P �U�I�F �������� �Q�S�J�D�F �M�F�W�F�M�� 	_�J�T �O�V�N�C�F�S �G�P�S �U�I�F �O�B�U�J�P�O�B�M �B�W�F�S�B�H�F �D�P�O�T�U�S�V�D�U�J�P�O
�D�P�T�U �J�T �W�F�S�Z �D�M�P�T�F �U�P �U�I�B�U �P�C�U�B�J�O�F�E �G�S�P�N �U�I�F �3�P�B�E�T �$�P�T�U �,�O�P�X�M�F�E�H�F �4�Z�T�U�F�N �	�3�0�$�,�4�
 �E�F�W�F�M�P�Q�F�E �C�Z �U�I�F �8�P�S�M�E �#�B�O�L�Ý�T
�5�S�B�O�T�Q�P�S�U �6�O�J�U �B�D�D�P�S�E�J�O�H �U�P�$�P�M�M�J�F�S�
 �,�J�S�D�I�C�F�S�H�F�S �B�O�E �4�¶�E�F�S�C�P�N�	���������
�
 �X�I�J�D�I �S�F�Q�P�S�U�T �6�4�% ���
�������
������ �Q�F�S �L�N �G�P�S ����
�M�B�O�F �F�Y�Q�S�F�T�T�X�B�Z�T �N�F�B�T�V�S�F�E �J�O �������� �Q�S�J�D�F �M�F�W�F�M�
 �P�S �F�R�V�J�W�B�M�F�O�U�M�Z ������ �N�J�M�M�J�P�O �3�.�# �Q�F�S �M�B�O�F���L�N �N�F�B�T�V�S�F�E �J�O �������� �Q�S�J�D�F
�M�F�W�F�M��

����	_�F �B�O�O�V�B�M �M�B�O�E �Q�S�J�D�F �G�P�S �F�B�D�I �M�J�O�L �J�T �B�M�T�P �B�E�K�V�T�U�F�E �U�P �U�I�F �������� �Q�S�J�D�F �M�F�W�F�M�� �8�F �D�P�O�E�V�D�U �S�P�C�V�T�U�O�F�T�T �D�I�F�D�L�T
�S�F�H�B�S�E�J�O�H �E�J
V�F�S�F�O�U �M�B�O�E �U�Z�Q�F�T �J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&������

����



�B�T�T�V�N�FM = 5 �� �G�P�S �C�P�U�I �U�Z�Q�F�T �P�G �D�P�T�U�T �V�O�E�F�S �U�I�F �B�T�T�V�N�Q�U�J�P�O �P�G �B �������Z�F�B�S �E�F�Q�S�F�D�J�B�U�J�P�O �T�D�I�F�E�V�M�F�� �8�F


W�S�T�U �S�F�Q�P�S�U �U�I�F �T�U�B�U�J�T�U�J�D�T �P�G �U�I�F �à�N�B�S�H�J�O�B�M�á �S�F�U�V�S�O �U�P �J�O�W�F�T�U�N�F�O�U �P�O �F�B�D�I �M�J�O�L �X�I�F�O� kl �J�T �B ���� �J�O�D�S�F�B�T�F �P�G

�S�P�B�E �D�B�Q�B�D�J�U�Z�
 �B�O�E �U�I�F�O �E�J�T�D�V�T�T �U�I�F �E�J
V�F�S�F�O�D�F �C�F�U�X�F�F�O �W�B�S�J�P�V�T �F�Y�U�F�O�U�T �P�G �S�P�B�E �F�Y�Q�B�O�T�J�P�O �B�U �U�I�F �F�O�E �P�G �U�I�J�T

�T�F�D�U�J�P�O������

	_�F �T�Q�B�U�J�B�M �E�J�T�U�S�J�C�V�U�J�P�O �P�GR (� kl ) �J�T �W�J�T�V�B�M�J�[�F�E �J�O �'�J�H�V�S�F���
 �B�O�E �D�P�M�V�N�O �	���
 �P�G �5�B�C�M�F�� �S�F�Q�P�S�U�T �U�I�F

�D�P�S�S�F�T�Q�P�O�E�J�O�H �N�F�B�O �B�O�E �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O�� 	_�F �S�F�U�V�S�O�T �U�P �J�O�W�F�T�U�N�F�O�U�T �J�O �U�I�F �$�I�J�O�F�T�F �D�J�U�Z���U�P���D�J�U�Z �M�J�O�L�T

�B�S�F �M�P�X �P�O �B�W�F�S�B�H�F�� 	_�F �N�F�B�O �W�B�M�V�F �J�T �N�F�S�F�M�Z �����������
 �X�I�J�D�I �J�T �T�N�B�M�M �D�P�N�Q�B�S�F�E �U�P �U�I�F �N�F�B�O �P�G �������� �G�P�S

�U�I�F �T�F�H�N�F�O�U�T �J�O �U�I�F �6�4 �I�J�H�I�X�B�Z �T�Z�T�U�F�N �J�O�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
������ �)�P�X�F�W�F�S�
 �P�V�S �S�F�U�V�S�O�T �B�S�F �O�P�U

�E�J�S�F�D�U�M�Z �D�P�N�Q�B�S�B�C�M�F �X�J�U�I �U�I�F�J�S�T �G�P�S �U�I�S�F�F �S�F�B�T�P�O�T�� �'�J�S�T�U�
 �U�I�F �F�T�U�J�N�B�U�F�E �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �J�T �������� �G�P�S �B�M�M

�U�I�F �S�P�B�E �T�F�H�N�F�O�U�T �J�O �U�I�F�J�S �N�P�E�F�M�
 �X�I�J�M�F �F�W�F�O �U�I�F �N�B�Y�J�N�V�N �F�M�B�T�U�J�D�J�U�Z �J�T �C�F�M�P�X ������ �J�O �$�I�J�O�B�� �*�G �X�F �G�P�D�V�T �P�O

�U�I�F �M�J�O�L�T �X�J�U�I �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �H�S�F�B�U�F�S �U�I�B�O �������
 �U�I�F�O �U�I�F �N�F�B�O �P�G �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �S�F�U�V�S�O�T �J�O�D�S�F�B�T�F�T

�U�P ������������ �4�F�D�P�O�E�
 �U�I�F �P�Q�Q�P�S�U�V�O�J�U�Z �D�P�T�U�T �P�G �M�B�O�E �B�D�D�P�V�O�U �G�P�S �N�P�S�F �U�I�B�O �P�O�F���G�P�V�S�U�I �P�G �U�I�F �U�P�U�B�M �D�P�T�U�T �P�G

�S�P�B�E �J�O�W�F�T�U�N�F�O�U�T �J�O �P�V�S �N�P�E�F�M�� �)�P�X�F�W�F�S�
 �U�I�F�Z �B�S�F �F�J�U�I�F�S �J�H�O�P�S�F�E �J�O �U�I�F �M�J�U�F�S�B�U�V�S�F �P�S �B�Q�Q�S�P�Y�J�N�B�U�F�E �C�Z

�V�S�C�B�O�J�[�B�U�J�P�O �	�F���H���
�'�B�C�F�S�
�����������"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�
�����������"�M�E�F�S�
���������
�� �8�F �T�I�P�X�
 �J�O �U�I�F �T�F�D�P�O�E �D�P�M�V�N�O

�P�G �5�B�C�M�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&�����
 �U�I�B�U �F�Y�D�M�V�E�J�O�H �M�B�O�E �D�P�T�U�T �G�V�S�U�I�F�S �J�O�D�S�F�B�T�F�T �U�I�F �N�F�B�O �P�G �U�I�F �S�F�U�V�S�O�T

�U�P ������������ �.�P�S�F�P�W�F�S�
 �E�F�T�Q�J�U�F �U�I�F �M�P�X �S�F�U�V�S�O�T �P�O �B�W�F�S�B�H�F�
 �J�O�W�F�T�U�J�O�H �J�O �T�P�N�F �M�J�O�L�T �D�B�O �H�F�O�F�S�B�U�F �W�F�S�Z �I�J�H�I

�S�F�U�V�S�O�T�� �8�F �M�J�T�U �U�I�F �U�P�Q ���� �M�J�O�L�T �B�D�D�P�S�E�J�O�H �U�P �S�F�U�V�S�O�T �J�O �5�B�C�M�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&������ �"�M�M �P�G �U�I�F�N �I�B�W�F

�S�F�U�V�S�O�T �B�C�P�W�F ���������� �8�I�F�O �X�F �F�Y�D�M�V�E�F �U�I�F �P�Q�Q�P�S�U�V�O�J�U�Z �D�P�T�U�T �P�G �M�B�O�E�
 �B�M�M �U�I�F�T�F �M�J�O�L�T �I�B�W�F �S�F�U�V�S�O�T �B�C�P�W�F

���������
 �D�P�N�Q�B�S�B�C�M�F �U�P �U�I�F �S�F�U�V�S�O�T �G�P�S �U�I�F �U�P�Q �U�F�O �M�J�O�L�T �J�O�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
�� �-�B�T�U�M�Z�
 �U�I�F �S�F�U�V�S�O�T

�S�F�Q�P�S�U�F�E �B�C�P�W�F �B�S�F �C�F�G�P�S�F �C�P�S�S�P�X�J�O�H �D�P�T�U�T�
 �X�I�J�M�F �U�I�F �S�F�U�V�S�O�T �J�O�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
 �B�M�S�F�B�E�Z �J�O�D�M�V�E�F

�C�P�S�S�P�X�J�O�H �D�P�T�U�T�� �*�G �X�F �B�M�T�P �B�T�T�V�N�F�E �B �C�P�S�S�P�X�J�O�H �D�P�T�U �P�G �����
 �U�I�F�O �U�I�F �B�W�F�S�B�H�F �S�F�U�V�S�O �X�P�V�M�E �C�F �F�W�F�O �M�P�X�F�S��

�8�I�J�M�F �E�J�S�F�D�U �D�P�N�Q�B�S�J�T�P�O �T�I�P�V�M�E �C�F �U�B�L�F�O �X�J�U�I �D�B�V�U�J�P�O�
 �J�U �J�T �D�M�F�B�S �U�I�B�U �U�I�F �Q�S�F�T�F�O�D�F �P�G �M�J�O�L�T �X�J�U�I �T�N�B�M�M

�D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �J�T �U�I�F �N�B�J�O �S�F�B�T�P�O �G�P�S �U�I�F �B�W�F�S�B�H�F �P�G �U�I�F �S�F�U�V�S�O�T �C�F�J�O�H �T�P �M�P�X �J�O �$�I�J�O�B�� �&�Y�Q�B�O�E�J�O�H

�U�I�F �M�J�O�L�T �X�J�U�I �B�M�N�P�T�U �[�F�S�P �F�M�B�T�U�J�D�J�U�Z �C�S�J�O�H�T �B�C�P�V�U �[�F�S�P �C�F�O�F
W�U�T �J�O �U�I�F �N�P�E�F�M �B�O�E�
 �U�I�F�S�F�G�P�S�F�
 �E�F�M�J�W�F�S�T �S�F�U�V�S�O�T

�P�G �������
 �X�I�J�D�I �D�B�Q�U�V�S�F �U�I�F �D�P�T�U�T �P�G �E�F�Q�S�F�D�J�B�U�J�P�O �B�O�E �N�B�J�O�U�F�O�B�O�D�F��

�.�P�S�F�P�W�F�S�
 �U�I�F �M�B�S�H�F �W�B�S�J�B�U�J�P�O �J�O �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �M�F�B�E�T �U�P �B �M�B�S�H�F �E�J�T�Q�F�S�T�J�P�O �J�O �S�F�U�V�S�O�T�� 	_�F �M�F	O

�Q�B�S�U �P�G �1�B�O�F�M �" �J�O �5�B�C�M�F�� �T�I�P�X�T �U�I�B�U �U�I�F �N�F�B�O �S�F�U�V�S�O �J�T �P�O�M�Z �������� �B�N�P�O�H �M�J�O�L�T �J�O �U�I�F �C�P	R�P�N �U�F�S�U�J�M�F �P�G

�U�S�B
Y�D �E�F�O�T�J�U�Z�� �*�U �J�O�D�S�F�B�T�F�T �U�P ���������� �J�O �U�I�F �N�J�E�E�M�F �U�F�S�U�J�M�F �B�O�E �S�F�B�D�I�F�T ���������� �J�O �U�I�F �U�P�Q �U�F�S�U�J�M�F�� 	_�F �T�U�B�O�E�B�S�E

�E�F�W�J�B�U�J�P�O �P�G �U�I�F �S�F�U�V�S�O�T �B�D�S�P�T�T �B�M�M �M�J�O�L�T �J�T �����������
 �B�C�P�V�U �U�I�S�F�F �U�J�N�F�T �B�T �M�B�S�H�F �B�T �U�I�F �N�F�B�O�� �"�T �T�I�P�X�O �J�O

�4�F�D�U�J�P�O�������
 �U�I�F �E�J�T�Q�F�S�T�J�P�O �J�T �B�M�N�P�T�U �I�B�M�W�F�E �J�O �B �N�P�E�F�M �X�J�U�I �D�P�O�T�U�B�O�U �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �C�B�T�F�E �P�O �U�I�F

�T�U�B�O�E�B�S�E �7�J�D�L�S�F�Z �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O��

�*�O �B�E�E�J�U�J�P�O �U�P �U�I�F �V�O�X�F�J�H�I�U�F�E �B�W�F�S�B�H�F �P�GR (� kl )�
 �J�U �J�T �V�T�F�G�V�M �U�P �D�P�O�T�U�S�V�D�U �U�I�F �B�W�F�S�B�H�F �P�GR (� kl )

�X�F�J�H�I�U�F�E �C�Z �D�P�T�U�T��
P

kl
C(� kl )P
kl C(� kl ) � R (� kl )�� 	_�F �S�J�H�I�U �Q�B�S�U �P�G �1�B�O�F�M �" �J�O �5�B�C�M�F�� �T�I�P�X�T �U�I�B�U �U�I�F �X�F�J�H�I�U�F�E

����	_�S�P�V�H�I�P�V�U �U�I�F �Q�B�Q�F�S�
R (� kl ) �E�F�O�P�U�F�T �U�I�F �S�F�U�V�S�O �G�S�P�N �F�Y�Q�B�O�E�J�O�H �M�J�O�Lkl �C�Z ���� �P�G �J�U�T �D�B�Q�B�D�J�U�Z�
 �V�O�M�F�T�T �P�U�I�F�S�X�J�T�F
�T�Q�F�D�J
W�F�E��

����	_�F �B�W�F�S�B�H�F �S�F�U�V�S�O �J�O�D�S�F�B�T�F�T �U�P ���������� �X�I�F�O �U�I�F �N�B�J�O�U�F�O�B�O�D�F �D�P�T�U�
M �
 �J�T �B�Q�Q�M�J�F�E �P�O�M�Z �U�P �U�I�F �S�P�B�E �D�P�O�T�U�S�V�D�U�J�P�O
�D�P�T�U�
 �B�O�E �U�I�F �S�F�U�V�S�O�T �B�S�F �B�M�N�P�T�U �Q�F�S�G�F�D�U�M�Z �D�P�S�S�F�M�B�U�F�E �X�J�U�I �P�V�S �C�B�T�F�M�J�O�F �W�F�S�T�J�P�O��

����



�B�W�F�S�B�H�F �P�GR (� kl ) �J�T �T�V�C�T�U�B�O�U�J�B�M�M�Z �M�P�X�F�S �U�I�B�O �U�I�F �V�O�X�F�J�H�I�U�F�E �B�W�F�S�B�H�F�� �4�V�D�I �M�P�X �S�F�U�V�S�O�T �B�S�F �D�P�O�T�J�T�U�F�O�U

�X�J�U�I�4�P�O�H �B�O�E �9�J�P�O�H�	���������
�Ý�T �N�B�D�S�P���M�F�W�F�M �F�T�U�J�N�B�U�F�T�
 �X�I�J�D�I �T�I�P�X �U�I�B�U �U�I�F �S�F�U�V�S�O �U�P �J�O�G�S�B�T�U�S�V�D�U�V�S�F �D�B�Q�J�U�B�M

�X�B�T �������� �E�V�S�J�O�H ���������×���������
 �D�P�N�Q�B�S�F�E �X�J�U�I ���������� �G�P�S �O�P�O���J�O�G�S�B�T�U�S�V�D�U�V�S�F �D�B�Q�J�U�B�M�� �#�P�U�I �P�V�S �D�B�M�D�V�M�B�U�J�P�O�T

�C�B�T�F�E �P�O �U�I�F �U�S�B�O�T�Q�P�S�U�B�U�J�P�O �O�F�U�X�P�S�L�
 �X�I�J�D�I �D�P�W�F�S�T �S�P�V�H�I�M�Z �P�O�F���R�V�B�S�U�F�S �P�G �$�I�J�O�B�Ý�T �U�P�U�B�M �J�O�G�S�B�T�U�S�V�D�U�V�S�F

�T�Q�F�O�E�J�O�H�
 �B�O�E �U�I�F�J�S �B�H�H�S�F�H�B�U�F �F�T�U�J�N�B�U�F�T �D�P�N�Q�B�S�J�O�H �J�O�G�S�B�T�U�S�V�D�U�V�S�F �U�P �O�P�O���J�O�G�S�B�T�U�S�V�D�U�V�S�F �D�B�Q�J�U�B�M �Q�P�J�O�U �U�P

�U�I�F �T�B�N�F �D�P�O�D�M�V�T�J�P�O�� �$�I�J�O�B �I�B�T �T�J�H�O�J
W�D�B�O�U�M�Z �P�W�F�S�J�O�W�F�T�U�F�E �J�O �J�O�G�S�B�T�U�S�V�D�U�V�S�F��

�5�B�C�M�F ���� �3�F�U�V�S�O�T �U�P �3�P�B�E �*�O�W�F�T�U�N�F�O�U
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�/�P�O���X�F�J�H�I�U�F�E �8�F�J�H�I�U�F�E

�"�M�M �-�P�X �.�P�E�F�S�B�U�F �)�J�H�I�"�M�M �-�P�X �.�P�E�F�S�B�U�F �)�J�H�I
�M�J�O�L�T �E�F�O�T�J�U�Z �E�F�O�T�J�U�Z �E�F�O�T�J�U�Z�M�J�O�L�T �E�F�O�T�J�U�Z �E�F�O�T�J�U�Z �E�F�O�T�J�U�Z

�1�B�O�F�M �"�� �&�O�E�P�H�F�O�P�V�T �� �)�F�U�F�S�P�H�F�O�F�P�V�T �$�P�O�H�F�T�U�J�P�O �&�M�B�T�U�J�D�J�U�J�F�T
�.�F�B�O ���������� ���������� ���������� ���������� ���������� ������������ ���������� ����������
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�1�B�O�F�M �#�� �)�P�N�P�H�F�O�F�P�V�T �$�P�O�H�F�T�U�J�P�O �&�M�B�T�U�J�D�J�U�Z
�.�F�B�O ���������� ���������� ���������� ���������� ���������� ������������ ���������� ����������
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�/�P�U�F�T��	_�F �U�B�C�M�F �T�I�P�X�T �U�I�F �S�F�U�V�S�O�T �U�P �S�P�B�E �J�O�W�F�T�U�N�F�O�U�T �N�F�B�T�V�S�F�E �C�B�T�F�E �P�O �F�R�V�B�U�J�P�O �	�����
�� �1�B�O�F�M �" �T�I�P�X�T �U�I�F
�S�F�T�V�M�U�T �G�P�S �U�I�F �N�P�E�F�M �X�J�U�I �F�O�E�P�H�F�O�P�V�T �B�O�E �I�F�U�F�S�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �	�C�B�T�F�M�J�O�F �N�P�E�F�M�
�� �1�B�O�F�M �# �T�I�P�X�T
�U�I�F �S�F�T�V�M�U�T �G�P�S �U�I�F �N�P�E�F�M �X�J�U�I �I�P�N�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �	�T�F�D�U�J�P�O�������
�� �à�8�F�J�H�I�U�F�E�á �J�N�Q�M�J�F�T �U�I�B�U �U�I�F �S�F�Q�P�S�U�F�E
�T�U�B�U�J�T�U�J�D�T �B�S�F �X�F�J�H�I�U�F�E �C�Z �D�P�T�UC (� kl )�� 	_�F �à�M�P�X�á�
 �à�N�P�E�F�S�B�U�F�á�
 �B�O�E �à�I�J�H�I�á �B�S�F �T�B�N�Q�M�F�T �P�G �M�J�O�L�T �E�F
W�O�F�E �B�T �U�I�F �C�P	R�P�N�

�N�J�E�E�M�F�
 �B�O�E �U�P�Q �U�F�S�U�J�M�F�T �J�O �U�F�S�N�T �P�G �B�W�F�S�B�H�F �M�J�O�L �E�F�O�T�J�U�Z��

�"�M�U�I�P�V�H�I �M�B�C�P�S �N�P�C�J�M�J�U�Z �B�O�E �F�Y�U�F�S�O�B�M�J�U�J�F�T �E�P �O�P�U �B
V�F�D�U �P�V�S �T�U�S�V�D�U�V�S�B�M �F�T�U�J�N�B�U�J�P�O�
 �U�I�F�Z �E�P �B
V�F�D�U �U�I�F

�X�F�M�G�B�S�F �J�N�Q�M�J�D�B�U�J�P�O�T������ �8�F �D�I�F�D�L �U�I�F �S�P�C�V�T�U�O�F�T�T �P�G �U�I�F �B�C�P�W�F �S�F�T�V�M�U�T �C�Z �D�P�O�E�V�D�U�J�O�H �U�I�F �T�B�N�F �D�P�V�O�U�F�S�G�B�D�U�V�B�M

�F�Y�F�S�D�J�T�F �J�O �U�I�F �N�P�E�F�M �X�J�U�I�P�V�U �M�B�C�P�S �N�P�C�J�M�J�U�Z �B�O�E �F�Y�U�F�S�O�B�M�J�U�J�F�T�
 �U�I�F �S�F�T�V�M�U�T �P�G �X�I�J�D�I �B�S�F �S�F�Q�P�S�U�F�E �J�O �U�I�F �U�I�J�S�E

�B�O�E �G�P�V�S�U�I �D�P�M�V�N�O�T �P�G �5�B�C�M�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&������ 	_�F �E�J
V�F�S�F�O�D�F�T �B�S�F �R�V�B�O�U�J�U�B�U�J�W�F�M�Z �T�N�B�M�M �J�O �U�I�F �D�B�T�F

�P�G �J�N�N�P�C�J�M�F �X�P�S�L�F�S�T�� 	_�F �S�F�U�V�S�O�T �D�I�B�O�H�F �N�P�S�F �T�J�H�O�J
W�D�B�O�U�M�Z �X�I�F�O� �B�O�E� �B�S�F �T�F�U �U�P �[�F�S�P�� 	_�F �X�F�J�H�I�U�F�E

�N�F�B�O �P�G �S�F�U�V�S�O�T �E�S�P�Q�T �G�S�P�N �������� �V�O�E�F�S �P�V�S �C�F�O�D�I�N�B�S�L �D�B�T�F �	�T�F�F �D�P�M�V�N�O �	���
 �P�G �5�B�C�M�F�&�����
 �U�P �������� �X�I�F�O �X�F

�S�F�N�P�W�F �U�I�F �F�Y�U�F�S�O�B�M�J�U�J�F�T �	�T�F�F �D�P�M�V�N�O �	���
 �P�G �5�B�C�M�F�&�����
��

�" �N�P�S�F �Q�P�M�J�D�Z���S�F�M�F�W�B�O�U �B�Q�Q�S�P�B�D�I �J�T �U�P �D�P�N�Q�V�U�F �U�I�F �S�F�U�V�S�O �B�T�T�P�D�J�B�U�F�E �X�J�U�I �B�E�E�J�O�H �P�O�F �M�B�O�F �U�P �B �M�J�O�L��

�'�P�S �B �U�X�P���M�B�O�F �M�J�O�L�
 �U�I�J�T �N�F�B�O�T �B �D�B�Q�B�D�J�U�Z �F�Y�Q�B�O�T�J�P�O �P�G �������� 	_�F �S�F�T�V�M�U�T �B�S�F �S�F�Q�P�S�U�F�E �J�O �U�I�F �M�B�T�U �G�P�V�S

�D�P�M�V�N�O�T �P�G �5�B�C�M�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&������ �8�F �B�T�T�V�N�F �U�I�B�U� kl = 1 �J�O�D�S�F�B�T�F�T �U�I�F �X�J�E�U�I �P�G �U�I�F �M�J�O�L

�C�Z ������ �N�F�U�F�S�T�� 	_�F �V�O�X�F�J�H�I�U�F�E �N�F�B�O �P�G �U�I�F�T�F �S�F�U�V�S�O�T �J�T ���������
 �B�C�P�V�U �P�O�F���I�B�M�G �M�P�X�F�S �U�I�B�O �U�I�F �B�W�F�S�B�H�F

�S�F�U�V�S�O �G�S�P�N �B ���� �J�O�D�S�F�B�T�F �J�O �S�P�B�E �D�B�Q�B�D�J�U�Z�� 	_�F �X�F�J�H�I�U�F�E �N�F�B�O �P�G �U�I�F�T�F �S�F�U�V�S�O�T �C�F�D�P�N�F�T �����������
 �X�I�J�D�I

�J�T �B�M�T�P �T�N�B�M�M�F�S �U�I�B�O �U�I�F �X�F�J�H�I�U�F�E �à�N�B�S�H�J�O�B�M�á �S�F�U�V�S�O �P�G ���������� 	_�J�T �S�F
X�F�D�U�T �B �T�U�S�P�O�H �Q�B	R�F�S�O �P�G �E�J�N�J�O�J�T�I�J�O�H

�����4�F�F�
 �G�P�S �F�Y�B�N�Q�M�F�
�%�P�O�B�M�E�T�P�O �B�O�E �)�P�S�O�C�F�D�L�	���������
�
 �X�I�P �B�T�T�V�N�F �Q�F�S�G�F�D�U �N�P�C�J�M�J�U�Z �J�O �U�I�F �����U�I �D�F�O�U�V�S�Z �6���4���
 �B�O�E
�5�P�N�C�F �B�O�E �;�I�V�	���������
�
 �X�I�P �B�T�T�V�N�F �M�J�N�J�U�F�E �N�P�C�J�M�J�U�Z �J�O �$�I�J�O�B��

����



�'�J�H�V�S�F ���� �4�Q�B�U�J�B�M �%�J�T�U�S�J�C�V�U�J�P�O �P�G �3�F�U�V�S�O�T
�/�P�U�F�T��	_�F 
W�H�V�S�F �T�I�P�X�T �U�I�F �S�F�U�V�S�O�T �P�O �F�B�D�I �M�J�O�L �P�G �U�I�F �J�O�U�F�S���D�J�U�Z �S�P�B�E �O�F�U�X�P�S�L�� �&�B�D�I �T�U�S�B�J�H�I�U �M�J�O�F �S�F�Q�S�F�T�F�O�U�T �B

�M�J�O�L�� 	_�F �E�B�S�L�O�F�T�T �P�G �U�I�F �D�P�M�P�S �S�F�Q�S�F�T�F�O�U�T �U�I�F �N�B�H�O�J�U�V�E�F �P�G �U�I�F �S�F�U�V�S�OR (� kl )�
 �B�O�E �E�B�S�L�F�S �D�P�M�P�S�T �S�F�Q�S�F�T�F�O�U �I�J�H�I�F�S
�S�F�U�V�S�O�T��

�S�F�U�V�S�O�T �B�T �S�P�B�E �F�Y�Q�B�O�T�J�P�O �J�O�D�S�F�B�T�F�T �	�T�F�F �'�J�H�V�S�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&�����
�� �)�P�X�F�W�F�S�
 �U�I�F �U�X�P �N�F�B�T�V�S�F�T

�B�S�F �I�J�H�I�M�Z �D�P�S�S�F�M�B�U�F�E �	�T�F�F �'�J�H�V�S�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&�����
�� 	_�F �S�F�U�V�S�O�T �X�J�U�I� kl = 1 �B�S�F �B�M�T�P �I�J�H�I�M�Z

�V�O�F�R�V�B�M �J�O �$�I�J�O�B�Ý�T �S�P�B�E �O�F�U�X�P�S�L�� 	_�F �S�B�O�L�T �P�G �M�J�O�L�T �C�B�T�F�E �P�O �U�I�F�T�F �U�X�P �N�F�B�T�V�S�F�T �B�S�F �B�M�N�P�T�U �J�E�F�O�U�J�D�B�M��

�4�V�D�I �B �T�V�C�T�U�B�O�U�J�B�M �T�Q�B�U�J�B�M �E�J�T�Q�F�S�T�J�P�O �D�B�O �C�F �J�O�U�F�S�Q�S�F�U�F�E �B�T �B �S�F
X�F�D�U�J�P�O �P�G �U�I�F �F�Y�J�T�U�F�O�D�F �P�G �N�J�T�B�M�M�P�D�B�U�J�P�O

�X�J�U�I�J�O �U�S�B�O�T�Q�P�S�U�B�U�J�P�O �J�O�G�S�B�T�U�S�V�D�U�V�S�F�
 �B�O�E �X�F �X�J�M�M �D�P�O�E�V�D�U �N�P�S�F �S�P�C�V�T�U�O�F�T�T �D�I�F�D�L�T �P�O �U�I�J�T �J�O�U�F�S�Q�S�F�U�B�U�J�P�O

�J�O �4�F�D�U�J�P�O����

�������� �$�P�N�Q�B�S�J�T�P�O �P�G �4�Q�B�U�J�B�M �%�J�T�Q�F�S�T�J�P�O �P�G �3�F�U�V�S�O�T �P�W�F�S �5�J�N�F

	_�F �T�U�B�S�L �T�Q�B�U�J�B�M �J�O�F�R�V�B�M�J�U�Z �J�O �S�F�U�V�S�O�T �J�T �I�J�H�I�M�Z �Q�F�S�T�J�T�U�F�O�U�� �4�Q�F�D�J
W�D�B�M�M�Z�
 �X�F �F�T�U�J�N�B�U�F �S�F�U�V�S�O�T �V�T�J�O�H

�B �N�P�E�F�M �D�B�M�J�C�S�B�U�F�E �U�P �$�I�J�O�B�Ý�T �������� �F�D�P�O�P�N�J�D �H�F�P�H�S�B�Q�I�Z �B�O�E �D�P�N�Q�B�S�F �U�I�F�N �X�J�U�I �P�V�S �������� �C�F�O�D�I�N�B�S�L

�F�T�U�J�N�B�U�F�T�� 	_�FR (� kl ) �B�S�F �I�J�H�I�M�Z �D�P�S�S�F�M�B�U�F�E �C�F�U�X�F�F�O �U�I�F�N �	�D�P�S�S�F�M�B�U�J�P�O �P�G ���������
�� �'�V�S�U�I�F�S�N�P�S�F�
 �B�T �T�I�P�X�O

�J�O �'�J�H�V�S�F���
 �U�I�F �F�Y�Q�B�O�T�J�P�O�T �P�G �M�J�O�L �D�B�Q�B�D�J�U�Z �J�O �������������� �	�T�F�F �'�J�H�V�S�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&�����
 �B�S�F �O�P�U

�D�P�S�S�F�M�B�U�F�E �X�J�U�I �U�I�F �J�O�J�U�J�B�M �S�F�U�V�S�O�T �J�O �������� �	�D�P�S�S�F�M�B�U�J�P�O �P�G ���������
�� 	_�J�T �O�P�U �P�O�M�Z �D�P�S�S�P�C�P�S�B�U�F�T �P�V�S �J�O�U�F�S�Q�S�F�U�B�U�J�P�O

�U�I�B�U �U�I�F �M�B�S�H�F �E�J�T�Q�F�S�T�J�P�O �J�O �S�F�U�V�S�O�T �U�P �S�P�B�E �J�O�G�S�B�T�U�S�V�D�U�V�S�F �J�T �B �E�J�S�F�D�U �N�B�O�J�G�F�T�U�B�U�J�P�O �P�G �T�Q�B�U�J�B�M �N�J�T�B�M�M�P�D�B�U�J�P�O�


�C�V�U �B�M�T�P �T�V�H�H�F�T�U�T �U�I�B�U �S�P�B�E �J�O�W�F�T�U�N�F�O�U�T �J�O �������������� �I�B�W�F �M�J	R�M�F �F
V�F�D�U �P�O �S�P�B�E �B�M�M�P�D�B�U�J�P�O �F
Y�D�J�F�O�D�Z��

����



�'�J�H�V�S�F ���� �3�F�U�V�S�O�T �B�O�E �-�J�O�L �$�B�Q�B�D�J�U�Z �&�Y�Q�B�O�T�J�P�O
�/�P�U�F�T��	_�F 
W�H�V�S�F �T�I�P�X�T �U�I�F �S�F�M�B�U�J�P�O�T�I�J�Q �C�F�U�X�F�F�O �S�F�U�V�S�O�T �P�O �F�B�D�I �M�J�O�L �B�O�E �B�D�U�V�B�M �M�J�O�L �J�O�W�F�T�U�N�F�O�U�T�� �&�B�D�I �E�P�U

�S�F�Q�S�F�T�F�O�U�T �B �M�J�O�L�� 	_�F �C�M�B�D�L �M�J�O�F �E�F�O�P�U�F�T �U�I�F �Q�P�M�Z�O�P�N�J�B�M 
W�U��R (� kl ) �B�S�F �D�B�M�D�V�M�B�U�F�E �C�B�T�F�E �P�O �U�I�F �J�O�J�U�J�B�M �S�P�B�E �O�F�U�X�P�S�L
�J�O ����������

�*�U �J�T �Q�P�T�T�J�C�M�F �U�I�B�U �U�I�F �S�F�U�V�S�O�T �U�P �J�O�G�S�B�T�U�S�V�D�U�V�S�F �J�O�W�F�T�U�N�F�O�U �B�S�F �V�O�E�F�S�F�T�U�J�N�B�U�F�E �X�I�F�O �U�I�F�J�S �D�P�O�U�S�J�C�V�U�J�P�O�T

�U�P �M�P�O�H���S�V�O �H�S�P�X�U�I �	�F���H�� �Q�S�P�E�V�D�U�J�W�J�U�Z �H�S�P�X�U�I�
 �B�S�F �J�H�O�P�S�F�E �	�T�F�F�
 �F���H���
�.�B �B�O�E �5�B�O�H�
 ���������� �4�P�O�H �B�O�E

�9�J�P�O�H�
 ���������
�� �"�M�U�I�P�V�H�I �X�F �B�S�F �V�O�B�C�M�F �U�P �G�P�S�F�D�B�T�U �Q�S�P�E�V�D�U�J�W�J�U�Z �H�S�P�X�U�I�
 �J�U �J�T �V�T�F�G�V�M �U�P �S�F�Q�F�B�U �U�I�F

�X�F�M�G�B�S�F �D�B�M�D�V�M�B�U�J�P�O�T �G�P�S �B�O �F�B�S�M�J�F�S �Z�F�B�S �V�O�E�F�S �U�I�F �B�T�T�V�N�Q�U�J�P�O �P�G �Q�F�S�G�F�D�U �G�P�S�F�T�J�H�I�U �B�C�P�V�U �������� �F�D�P�O�P�N�J�D

�G�V�O�E�B�N�F�O�U�B�M�T�� �4�Q�F�D�J
W�D�B�M�M�Z�
 �X�F �G�P�D�V�T �P�O �U�I�F �F�D�P�O�P�N�Z �D�B�M�J�C�S�B�U�F�E �U�P 
W�U �$�I�J�O�B�Ý�T �F�D�P�O�P�N�J�D �H�F�P�H�S�B�Q�I�Z �J�O ��������

�C�V�U �J�N�Q�P�T�F �Q�S�P�E�V�D�U�J�W�J�U�J�F�T �G�S�P�N �������� �U�P �B�D�D�P�V�O�U �G�P�S �Q�S�P�E�V�D�U�J�W�J�U�Z �H�S�P�X�U�I�� �"�T �T�I�P�X�O �J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&�����


�X�I�J�M�F �B�W�F�S�B�H�F �S�F�U�V�S�O�T �B�S�F �B
V�F�D�U�F�E �C�Z �Q�S�P�E�V�D�U�J�W�J�U�Z �H�S�P�X�U�I�
 �J�O�D�P�S�Q�P�S�B�U�J�O�H �B�D�U�V�B�M �Q�S�P�E�V�D�U�J�W�J�U�Z �H�S�P�X�U�I �J�O�U�P

�U�I�F �N�P�E�F�M �E�P�F�T �O�P�U �D�I�B�O�H�F �U�I�F �E�J�T�Q�F�S�T�J�P�O �P�G �S�F�U�V�S�O�T�
 �C�F�D�B�V�T�F �Q�S�P�E�V�D�U�J�W�J�U�Z �E�J
V�F�S�F�O�D�F�T �B�S�F �I�J�H�I�M�Z �Q�F�S�T�J�T�U�F�O�U

�B�D�S�P�T�T �$�I�J�O�F�T�F �D�J�U�J�F�T��

�������� �$�P�N�Q�B�S�J�T�P�O �U�P �)�P�N�P�H�F�O�F�P�V�T �$�P�O�H�F�T�U�J�P�O �&�M�B�T�U�J�D�J�U�Z

�5�P �J�T�P�M�B�U�F �U�I�F �S�P�M�F �P�G �I�F�U�F�S�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O�
 �X�F �D�P�O�E�V�D�U �B �D�P�N�Q�B�S�J�T�P�O �U�P �J�M�M�V�T�U�S�B�U�F �U�I�F �F�Y�U�F�O�U �U�P

�X�I�J�D�I �B�T�T�V�N�J�O�H �D�P�O�T�U�B�O�U �B�O�E �I�P�N�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �B
V�F�D�U�T �U�I�F �F�T�U�J�N�B�U�F�E �S�F�U�V�S�O�T��

�%�F�O�P�U�F �C�Z~� �U�I�F �I�P�N�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�Z �P�G �D�P�O�H�F�T�U�J�P�O�� �8�F �P�C�U�B�J�O �U�I�F �I�P�N�P�H�F�O�F�P�V�T~� �C�Z �F�T�U�J�N�B�U�J�O�H

�U�I�F �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O �J�O�7�J�D�L�S�F�Z�	���������
���������
 �B�O�E�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T�	���������
 �U�I�S�P�V�H�I �U�I�F �Q�B�O�F�M 
W�Y�F�E

�F
V�F�D�U�T �S�F�H�S�F�T�T�J�P�O �	�T�F�F �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&���������G�P�S �U�I�F �T�Q�F�D�J
W�D�B�U�J�P�O �J�O �E�F�U�B�J�M�
�� �8�F �P�C�U�B�J�O �B �Q�P�J�O�U �F�T�U�J�N�B�U�F �G�P�S
~� �P�G ���������� �8�F �U�I�F�O �T�U�S�V�D�U�V�S�B�M�M�Z �S�F���F�T�U�J�N�B�U�F �U�I�F �G�P�V�S �Q�B�S�B�N�F�U�F�S�T� �
� �
� �B�O�E� �� 	_�F �F�T�U�J�N�B�U�F�T �B�S�F �S�F�Q�P�S�U�F�E

�J�O �5�B�C�M�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&���������� �*�O�U�F�S�F�T�U�J�O�H�M�Z�
 �U�I�F �S�F�T�V�M�U�J�O�H �N�P�E�F�M �Q�B�S�B�N�F�U�F�S �F�T�U�J�N�B�U�F�T �B�S�F �T�J�N�J�M�B�S

�U�P �U�I�P�T�F �J�O �U�I�F �C�F�O�D�I�N�B�S�L �N�P�E�F�M�
 �J�N�Q�M�Z�J�O�H �U�I�B�U �U�I�F �T�U�S�V�D�U�V�S�B�M �F�T�U�J�N�B�U�J�P�O �J�T �J�O�T�F�O�T�J�U�J�W�F �U�P �I�F�U�F�S�P�H�F�O�F�J�U�Z

����



�J�O �U�I�F �F�M�B�T�U�J�D�J�U�Z �P�G �D�P�O�H�F�T�U�J�P�O�� �8�F �S�F�G�F�S �U�P �U�I�F �S�F���F�T�U�J�N�B�U�F�E �N�P�E�F�M �V�O�E�F�S~� = 0 :19 �B�T �U�I�F �N�P�E�F�M �X�J�U�I

�I�P�N�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�Z �P�G �D�P�O�H�F�T�U�J�P�O��

�'�J�H�V�S�F ���� �$�P�N�Q�B�S�J�T�P�O �P�G �3�F�U�V�S�O �%�J�T�Q�F�S�T�J�P�O �X�J�U�I �B�O�E �X�J�U�I�P�V�U �$�P�O�H�F�T�U�J�P�O �)�F�U�F�S�P�H�F�O�F�J�U�Z
�/�P�U�F�T��	_�F 
W�H�V�S�F �T�I�P�X�T �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �P�G �S�F�U�V�S�O�T �J�N�Q�M�J�F�E �C�Z �U�I�F �C�F�O�D�I�N�B�S�L �N�P�E�F�M �B�O�E �C�Z �B�O �B�M�U�F�S�O�B�U�J�W�F �N�P�E�F�M

�X�J�U�I �B �I�P�N�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z�� 	_�F �I�P�N�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�Z �J�T �F�R�V�B�M �U�P ���������
 �B�T �F�T�U�J�N�B�U�F�E �J�O �U�I�J�T �T�F�D�U�J�P�O�

�B�O�E �U�I�F �F�O�E�P�H�F�O�P�V�T �B�O�E �I�F�U�F�S�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�J�F�T �B�S�F �C�B�T�F�E �P�O �U�I�F �F�T�U�J�N�B�U�J�P�O �J�O �4�F�D�U�J�P�O����

�%�F�O�P�U�F �C�Z~R (� kl ) �U�I�F �S�F�U�V�S�O �U�P �F�Y�Q�B�O�E�J�O�H �M�J�O�Lkl �J�O �U�I�F �N�P�E�F�M �X�J�U�I �B �I�P�N�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�Z������

�'�J�H�V�S�F�� �D�P�N�Q�B�S�F�T �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �P�G~R (� kl ) �X�J�U�I �U�I�B�U �P�GR (� kl )�
 �B�O�E �X�F �P�C�T�F�S�W�F �U�I�B�U �U�I�F �N�P�E�F�M �X�J�U�I

�I�P�N�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�J�F�T �V�O�E�F�S�F�T�U�J�N�B�U�F�T �U�I�F �E�J�T�Q�F�S�T�J�P�O�� �4�Q�F�D�J
W�D�B�M�M�Z�
 �1�B�O�F�M �# �P�G �5�B�C�M�F�� �T�I�P�X�T �U�I�B�U �X�I�F�O

�X�F �B�Q�Q�M�Z �U�I�F �I�P�N�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�Z�
 �C�P�U�I �U�I�F �V�O�X�F�J�H�I�U�F�E �B�O�E �X�F�J�H�I�U�F�E �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O�T �P�G �S�F�U�V�S�O�T �B�S�F

�P�O�M�Z �B�C�P�V�U �I�B�M�G �P�G �U�I�P�T�F �V�O�E�F�S �U�I�F �F�O�E�P�H�F�O�P�V�T �B�O�E �I�F�U�F�S�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T�� 	_�J�T �S�F�E�V�D�U�J�P�O �J�O

�U�I�F �E�J�T�Q�F�S�T�J�P�O �P�G �S�F�U�V�S�O�T �J�T �E�V�F �U�P �U�I�F �T�U�B�O�E�B�S�E �7�J�D�L�S�F�Z �F�R�V�B�U�J�P�O �V�O�E�F�S�F�T�U�J�N�B�U�J�O�H �U�I�F �S�F�U�V�S�O�T �U�P �F�Y�Q�B�O�E�J�O�H

�D�P�O�H�F�T�U�F�E �M�J�O�L�T�
 �X�I�F�S�F �U�I�F �J�N�Q�P�T�F�E �D�P�O�T�U�B�O�U �F�M�B�T�U�J�D�J�U�Z �J�T �T�V�C�T�U�B�O�U�J�B�M�M�Z �M�P�X�F�S �U�I�B�O �U�I�F �F�M�B�T�U�J�D�J�U�Z �J�N�Q�M�J�F�E

�C�Z �P�V�S 
X�F�Y�J�C�M�F �C�F�O�D�I�N�B�S�L �B�Q�Q�S�P�B�D�I�� 	_�J�T �D�B�O �C�F �T�F�F�O �J�O �'�J�H�V�S�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&���������
 �X�I�J�D�I

�D�P�N�Q�B�S�F�T �U�I�F �N�B�H�O�J�U�V�E�F �P�G �S�F�U�V�S�O�T �B�D�S�P�T�T �M�J�O�L�T �U�P �U�I�F �D�B�T�F �X�J�U�I �I�F�U�F�S�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T� kl ��

�#�P�U�I �U�I�F �V�O�X�F�J�H�I�U�F�E �B�O�E �X�F�J�H�I�U�F�E �N�F�B�O�T �P�G~R (� kl ) �	�T�F�F �D�P�M�V�N�O �	���
 �B�O�E �	���
 �P�G �1�B�O�F�M �# �J�O �5�B�C�M�F���
 �B�S�F

�D�M�P�T�F �U�P �U�I�P�T�F �V�O�E�F�S �I�F�U�F�S�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T������ �#�V�U �J�U �J�T �D�M�F�B�S �U�I�B�U �J�N�Q�P�T�J�O�H �B �I�P�N�P�H�F�O�F�P�V�T

�D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �V�O�E�F�S���F�T�U�J�N�B�U�F�T �U�I�F �S�F�U�V�S�O�T �P�O �I�J�H�I�� �B�O�E �N�P�E�F�S�B�U�F���E�F�O�T�J�U�Z �M�J�O�L�T �	�T�F�F �D�P�M�V�N�O �	���
���	���


�����(�J�W�F�O �U�I�J�T �O�P�U�B�U�J�P�O�
 �J�U �T�I�P�V�M�E �C�F �Q�P�J�O�U�F�E �P�V�U �U�I�B�U �U�I�F �S�F�U�V�S�O�T �J�O �1�B�O�F�M �# �P�G �5�B�C�M�F�� �D�P�S�S�F�T�Q�P�O�E �U�P~R (� kl )��
�����$�P�N�Q�B�S�F�E �X�J�U�I �U�I�F �I�P�N�P�H�F�O�F�P�V�T���F�M�B�T�U�J�D�J�U�Z �D�B�T�F�
 �5�B�C�M�F�� �T�I�P�X�T �U�I�B�U �U�I�F �B�W�F�S�B�H�F �S�F�U�V�S�O �J�T �I�J�H�I�F�S �X�I�F�O

�D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �J�T �F�O�E�P�H�F�O�P�V�T �B�O�E �I�F�U�F�S�P�H�F�O�F�P�V�T�
 �G�P�S �B ���� �M�B�O�F �F�Y�Q�B�O�T�J�P�O�� �)�P�X�F�W�F�S�
 �B�T �U�I�F �T�D�B�M�F �P�G �S�P�B�E
�F�Y�Q�B�O�T�J�P�O �J�O�D�S�F�B�T�F�T�
 �'�J�H�V�S�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&�����T�I�P�X�T �U�I�B�U �U�I�F �B�W�F�S�B�H�F �S�F�U�V�S�O�T �V�O�E�F�S 
X�F�Y�J�C�M�F �F�M�B�T�U�J�D�J�U�J�F�T
�C�F�D�P�N�F �M�P�X�F�S �U�I�B�O �U�I�P�T�F �V�O�E�F�S �D�P�O�T�U�B�O�U �F�M�B�T�U�J�D�J�U�Z�
 �J�N�Q�M�Z�J�O�H �U�I�B�U �B�M�M�P�X�J�O�H �G�P�S 
X�F�Y�J�C�M�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T

����



�B�O�E �	���
���	���
 �P�G �5�B�C�M�F���
�� �'�V�S�U�I�F�S�N�P�S�F�
 �X�F �B�M�T�P 
W�O�E �U�I�B�U �U�I�F �T�U�B�O�E�B�S�E �7�J�D�L�S�F�Z �F�R�V�B�U�J�P�O �P�W�F�S���F�T�U�J�N�B�U�F�T �M�J�O�L�T

�X�J�U�I �M�P�X �S�F�U�V�S�O�T�
 �B�T �T�I�P�X�O �J�O �'�J�H�V�S�F�&�����B�O�E �D�P�M�V�N�O �	���
 �P�G �5�B�C�M�F����

���� �0�Q�U�J�N�B�M �"�M�M�P�D�B�U�J�P�O �P�G �3�P�B�E �*�O�W�F�T�U�N�F�O�U

�8�F �J�O�G�F�S �U�I�F �Q�S�F�T�F�O�D�F �P�G �N�J�T�B�M�M�P�D�B�U�J�P�O �X�J�U�I�J�O �U�I�F �U�S�B�O�T�Q�P�S�U�B�U�J�P�O �J�O�G�S�B�T�U�S�V�D�U�V�S�F �T�F�D�U�P�S �G�S�P�N �U�I�F

�T�V�C�T�U�B�O�U�J�B�M �T�Q�B�U�J�B�M �E�J�T�Q�F�S�T�J�P�O �J�O �S�F�U�V�S�O�T�� �" �Q�P�U�F�O�U�J�B�M �D�P�O�D�F�S�O �X�J�U�I �U�I�J�T �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �J�T �U�I�B�U �B�T �Q�I�Z�T�J�D�B�M�M�Z

�J�S�S�F�W�F�S�T�J�C�M�F �J�O�W�F�T�U�N�F�O�U�T�
 �S�P�B�E �F�Y�Q�B�O�T�J�P�O �E�J
V�F�S�T �G�S�P�N �D�B�Q�J�U�B�M �J�O �U�I�F �T�U�B�O�E�B�S�E �N�J�T�B�M�M�P�D�B�U�J�P�O �M�J�U�F�S�B�U�V�S�F

�Q�J�P�O�F�F�S�F�E �C�Z�3�F�T�U�V�D�D�J�B �B�O�E �3�P�H�F�S�T�P�O�	���������
 �B�O�E�)�T�J�F�I �B�O�E �,�M�F�O�P�X�	���������
�
 �X�I�F�S�F �U�I�F �W�B�S�J�B�O�D�F �J�O

�U�I�F �N�B�S�H�J�O�B�M �Q�S�P�E�V�D�U �P�G �D�B�Q�J�U�B�M �V�O�B�N�C�J�H�V�P�V�T�M�Z �T�F�S�W�F�T �B�T �B �T�V�N�N�B�S�Z �T�U�B�U�J�T�U�J�D �G�P�S �D�B�Q�J�U�B�M �N�J�T�B�M�M�P�D�B�U�J�P�O��

�'�V�S�U�I�F�S�N�P�S�F�
 �U�I�F �F�O�E�P�H�F�O�F�J�U�Z �B�O�E �I�F�U�F�S�P�H�F�O�F�J�U�Z �P�G �U�I�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z�
 �U�P�H�F�U�I�F�S �X�J�U�I �U�I�F �Q�S�F�T�F�O�D�F �P�G

�F�Y�U�F�S�O�B�M�J�U�J�F�T�
 �N�B�Z �W�J�P�M�B�U�F �U�I�F �D�P�O�W�F�Y�J�U�Z �D�P�O�E�J�U�J�P�O�T �S�F�R�V�J�S�F�E �G�P�S �B �H�M�P�C�B�M �T�P�M�V�U�J�P�O �U�P �U�I�F �P�Q�U�J�N�B�M �J�O�W�F�T�U�N�F�O�U

�Q�S�P�C�M�F�N �	�'�B�K�H�F�M�C�B�V�N �B�O�E �4�D�I�B�B�M�
���������
������

�5�P �Q�S�P�W�J�E�F �G�V�S�U�I�F�S �T�V�Q�Q�P�S�U �G�P�S �P�V�S �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �P�G �N�J�T�B�M�M�P�D�B�U�J�P�O�
 �X�F �D�P�O�E�V�D�U �U�X�P �O�V�N�F�S�J�D�B�M �F�Y�F�S�D�J�T�F�T

�B�T �S�P�C�V�T�U�O�F�T�T �D�I�F�D�L�T�� �P�O�F �U�I�B�U �O�V�N�F�S�J�D�B�M�M�Z �F�T�U�B�C�M�J�T�I�F�T �B �Q�P�T�J�U�J�W�F �N�B�Q�Q�J�O�H �C�F�U�X�F�F�O �E�J�T�Q�F�S�T�J�P�O �J�O �S�F�U�V�S�O�T

�B�O�E �U�I�F �X�F�M�G�B�S�F �H�B�J�O �U�I�S�P�V�H�I �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �P�G �O�F�X �J�O�W�F�T�U�N�F�O�U�T �J�O �M�J�O�L �D�B�Q�B�D�J�U�Z �B�O�E �B�O�P�U�I�F�S �U�I�B�U �T�I�P�X�T

�U�I�B�U �U�I�F �B�D�U�V�B�M �S�P�B�E �F�Y�Q�B�O�T�J�P�O �J�O �Q�S�F�W�J�P�V�T �Z�F�B�S�T �J�T �P�S�U�I�P�H�P�O�B�M �U�P �U�I�F �P�Q�U�J�N�B�M �F�Y�Q�B�O�T�J�P�O �Q�S�F�E�J�D�U�F�E �C�Z �U�I�F

�N�P�E�F�M��

�������� �/�V�N�F�S�J�D�B�M �"�O�B�M�Z�T�J�T �P�G �0�Q�U�J�N�B�M �*�O�W�F�T�U�N�F�O�U�T �B�O�E �%�J�T�Q�F�S�T�J�P�O

�*�O �U�I�J�T �T�V�C�T�F�D�U�J�P�O�
 �X�F �O�V�N�F�S�J�D�B�M�M�Z �F�Y�Q�M�P�S�F �U�I�F �X�F�M�G�B�S�F �J�N�Q�M�J�D�B�U�J�P�O�T �P�G �U�I�F �E�J�T�Q�F�S�T�J�P�O �J�OR (� kl )��

�4�Q�F�D�J
W�D�B�M�M�Z�
 �X�F 
W�S�T�U �D�B�M�D�V�M�B�U�F �U�I�F �S�F�U�V�S�O�T �U�P �P�Q�U�J�N�J�[�F�E �J�O�W�F�T�U�N�F�O�U�T �J�O �B �H�S�P�V�Q �P�G �M�J�O�L�T �B�O�E �U�I�F�O �D�P�N�Q�B�S�F

�U�I�F �S�F�U�V�S�O�T �B�D�S�P�T�T �H�S�P�V�Q�T�� 	_�F �J�E�F�B �J�T �U�I�B�U �J�G �U�I�F �E�J�T�Q�F�S�T�J�P�O �J�OR (� kl ) �D�B�Q�U�V�S�F�T �N�J�T�B�M�M�P�D�B�U�J�P�O�
 �U�I�F �S�F�U�V�S�O�T

�U�P �P�Q�U�J�N�J�[�F�E �J�O�W�F�T�U�N�F�O�U�T �T�I�P�V�M�E �C�F �I�J�H�I�F�S �J�O �U�I�F �H�S�P�V�Q�T �B�T�T�P�D�J�B�U�F�E �X�J�U�I �N�P�S�F �E�J�T�Q�F�S�T�F�ER (� kl )�� �5�P �N�B�L�F

�U�I�F �B�O�B�M�Z�T�J�T �N�P�S�F �Q�P�M�J�D�Z���S�F�M�F�W�B�O�U�
 �X�F �B�T�T�V�N�F �U�I�F �O�F�X �J�O�W�F�T�U�N�F�O�U �U�P �C�F �D�P�O�T�U�S�B�J�O�F�E �C�Z �B �M�J�N�J�U�F�E �C�V�E�H�F�U

�B�O�E �U�I�F �F�Y�J�T�U�J�O�H �D�B�Q�B�D�J�U�Z �U�P �C�F �J�S�S�F�W�F�S�T�J�C�M�F�� �4�V�D�I �J�S�S�F�W�F�S�T�J�C�J�M�J�U�Z �S�V�M�F�T �P�V�U �U�I�F �Q�P�T�T�J�C�J�M�J�U�Z �P�G �F�Y�Q�B�O�E�J�O�H �U�I�F

�D�B�Q�B�D�J�U�Z �P�G �B �M�J�O�L �C�Z �S�F�E�V�D�J�O�H �F�Y�J�T�U�J�O�H �D�B�Q�B�D�J�U�Z �F�M�T�F�X�I�F�S�F��

�5�P �F�W�B�M�V�B�U�F �S�F�U�V�S�O�T �U�P �P�Q�U�J�N�J�[�F�E �J�O�W�F�T�U�N�F�O�U�T�
 �X�F �O�F�F�E �U�P �H�F�O�F�S�B�M�J�[�F �U�I�F �S�F�U�V�S�O�T �U�P �F�Y�Q�B�O�T�J�P�O �P�G �P�O�F

�H�F�O�F�S�B�U�F�T �T�U�S�P�O�H�F�S �E�J�N�J�O�J�T�I�J�O�H �S�F�U�V�S�O�T �G�P�S �M�B�S�H�F���T�D�B�M�F �S�P�B�E �F�Y�Q�B�O�T�J�P�O�T�� 	_�J�T �Q�B	R�F�S�O �B�S�J�T�F�T �C�F�D�B�V�T�F �F�Y�Q�B�O�E�J�O�H �B
�S�P�B�E �U�F�O�E�T �U�P �F�W�F�O�U�V�B�M�M�Z �S�F�E�V�D�F �J�U�T �U�S�B
Y�D �E�F�O�T�J�U�Z�
 �X�I�J�D�I �J�O �U�V�S�O �F�O�E�P�H�F�O�P�V�T�M�Z �M�P�X�F�S�T �U�I�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z�� 	_�J�T
�E�P�X�O�X�B�S�E �B�E�K�V�T�U�N�F�O�U �J�O �F�M�B�T�U�J�D�J�U�Z �E�B�N�Q�F�O�T �U�I�F �H�B�J�O�T �J�O �E�S�J�W�J�O�H �T�Q�F�F�E �B�O�E�
 �U�I�F�S�F�G�P�S�F�
 �U�I�F �P�W�F�S�B�M�M �F�D�P�O�P�N�J�D �S�F�U�V�S�O�T
�U�P �U�I�F �F�Y�Q�B�O�T�J�P�O��

�����'�B�K�H�F�M�C�B�V�N �B�O�E �4�D�I�B�B�M�	���������
 �Q�S�P�W�F �U�I�F �D�P�O�W�F�Y�J�U�Z �P�G �B�O �P�Q�U�J�N�B�M �J�O�G�S�B�T�U�S�V�D�U�V�S�F �B�M�M�P�D�B�U�J�P�O �Q�S�P�C�M�F�N �J�O �B
�O�F�P�D�M�B�T�T�J�D�B�M �U�S�B�E�F �N�P�E�F�M �X�J�U�I �D�P�O�H�F�T�U�J�P�O �J�G �U�I�F �F�M�B�T�U�J�D�J�U�Z �P�G �U�S�B�E�F �D�P�T�U�T �X�J�U�I �S�F�T�Q�F�D�U �U�P �U�S�B
Y�D �J�T �M�B�S�H�F �S�F�M�B�U�J�W�F �U�P
�U�I�F �F�M�B�T�U�J�D�J�U�Z �P�G �U�S�B�E�F �D�P�T�U�T �X�J�U�I �S�F�T�Q�F�D�U �U�P �J�O�G�S�B�T�U�S�V�D�U�V�S�F�� �" �L�F�Z �E�J
V�F�S�F�O�D�F �C�F�U�X�F�F�O �P�V�S �G�S�B�N�F�X�P�S�L �B�O�E �U�I�F�J�S�T �J�T
�U�I�B�U �X�F �U�B�L�F �J�O�U�P �B�D�D�P�V�O�U �U�I�F �F�O�E�P�H�F�O�F�J�U�Z �B�O�E �I�F�U�F�S�P�H�F�O�F�J�U�Z �P�G �U�I�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z �U�I�S�P�V�H�I �U�I�F �H�F�O�F�S�B�M�J�[�F�E
�D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O�� �'�V�S�U�I�F�S�N�P�S�F�
 �X�F �B�M�M�P�X �G�P�S �Q�S�P�E�V�D�U�J�W�J�U�Z �B�O�E �B�N�F�O�J�U�Z �F�Y�U�F�S�O�B�M�J�U�J�F�T�
 �B�T �J�O�"�M�M�F�O �B�O�E �"�S�L�P�M�B�L�J�T
�	���������
��

����



�M�J�O�L �J�O �F�R�V�B�U�J�P�O �	�����
 �U�P �B�M�M�P�X �G�P�S �F�Y�Q�B�O�E�J�O�H �N�V�M�U�J�Q�M�F �M�J�O�L�T �T�J�N�V�M�U�B�O�F�P�V�T�M�Z�� �%�F�O�P�U�F �C�ZG(g) �B �H�S�P�V�Q �P�G �M�J�O�L�T�


�J�O�E�F�Y�F�E �C�Zg�
 �B�O�E �C�Z� G(g) �U�I�F �T�F�U �P�G� kl 8kl 2 G(g)�� 	_�F �S�F�U�V�S�O �P�G �B �K�P�J�O�U �S�P�B�E �F�Y�Q�B�O�T�J�P�O �J�T �E�F
W�O�F�E �B�T

R
�
� G(g)

�
=

B
�
� G(g)

�

C
�
� G(g)

� � M; �	�����


�X�I�F�S�FB
�
� G(g)

�
�B�O�EC

�
� G(g)

�
�B�M�T�P �H�F�O�F�S�B�M�J�[�F �U�I�F �M�J�O�L���T�Q�F�D�J
W�D �X�F�M�G�B�S�F �H�B�J�O �B�O�E �U�P�U�B�M �D�P�T�U �J�O �F�R�V�B�U�J�P�O

�	�����
 �B�O�E �	�����
��

B
�
� G(g)

�
=

W
�
� G(g)

�
� W

W
� GDP; �	�����


C
�
� G(g)

�
=

X

kl 2 G(g)

�
UCS

kl + UCL
kl

�
� lengthkl � � kl : �	�����


�)�F�S�F�
W
�
� G(g)

�
�T�U�B�O�E�T �G�P�S �U�I�F �D�P�V�O�U�F�S�G�B�D�U�V�B�M �X�F�M�G�B�S�F �B�T�T�P�D�J�B�U�F�E �X�J�U�If � kl gkl 2 G(g) ��

����

�'�J�H�V�S�F ���� �3�F�U�V�S�O �%�J�T�Q�F�S�T�J�P�O �B�O�E �8�F�M�G�B�S�F �(�B�J�O�T �G�S�P�N �0�Q�U�J�N�B�M �*�O�W�F�T�U�N�F�O�U
�/�P�U�F�T��	_�F 
W�H�V�S�F �T�I�P�X�T �U�I�F �S�F�M�B�U�J�P�O�T�I�J�Q �C�F�U�X�F�F�O �U�I�F �E�J�T�Q�F�S�T�J�P�O �P�G �J�O�E�J�W�J�E�V�B�M �M�J�O�L �S�F�U�V�S�O�T �B�O�E �U�I�F �X�F�M�G�B�S�F �H�B�J�O�T

�G�S�P�N �P�Q�U�J�N�B�M �J�O�W�F�T�U�N�F�O�U�T�� �&�B�D�I �D�J�S�D�M�F �S�F�Q�S�F�T�F�O�U�T �B �H�S�P�V�Q �D�P�O�T�J�T�U�J�O�H �P�G ���� �M�J�O�L�T�� 	_�F �S�F�E �M�J�O�F �E�F�O�P�U�F�T �U�I�F �M�J�O�F�B�S 
W�U��
	_�F �I�P�S�J�[�P�O�U�B�M �B�Y�J�T �T�I�P�X�T �U�I�F �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O �P�GR (� kl ) �B�D�S�P�T�T ���� �M�J�O�L�T �X�J�U�I�J�O �F�B�D�I �H�S�P�V�Q�
 �B�O�E �U�I�F �W�F�S�U�J�D�B�M �B�Y�J�T
�T�I�P�X�T �U�I�FR

�
� G(g)

�
�G�S�P�N �P�Q�U�J�N�B�M �J�O�W�F�T�U�N�F�O�U�T �C�B�T�F�E �P�O �F�R�V�B�U�J�P�O �	�����
��

�8�F �U�I�F�O �P�Q�U�J�N�J�[�F �S�P�B�E �J�O�W�F�T�U�N�F�O�U�T�� �%�F�O�P�U�F �C�ZI g �U�I�F �J�O�W�F�T�U�N�F�O�U �C�V�E�H�F�U �G�P�S �U�I�F �M�J�O�L�T �J�OG (g)�� 	_�F

�����4�J�O�D�F �U�I�F�T�F �M�J�O�L�T �D�B�O �C�F �T�V�C�T�U�J�U�V�U�F�T �P�S �D�P�N�Q�M�F�N�F�O�U�T �U�P �F�B�D�I �P�U�I�F�S�
 �U�I�F �S�F�U�V�S�O�T �P�G �B �K�P�J�O�U �F�Y�Q�B�O�T�J�P�O �B�S�F �O�P�U �B�O
�B�H�H�S�F�H�B�U�J�P�O �P�W�F�S �U�I�F �S�F�U�V�S�O�T �U�P �T�J�O�H�M�F �F�Y�Q�B�O�T�J�P�O�� �8�F 
W�O�E �U�I�B�U �U�I�F �X�F�J�H�I�U�F�E �B�W�F�S�B�H�F �P�GR (� kl ) �P�W�F�S �B�M�M �M�J�O�L�T �J�T
�M�B�S�H�F�S �U�I�B�OR

�
� G(g)

�
��

����



�P�Q�U�J�N�J�[�B�U�J�P�O �T�P�M�W�F�T �N�B�Y� G ( g) W
�
� G(g)

�
�
 �T�V�C�K�F�D�U �U�P

P
kl

�
UCS

kl + UCL
kl

�
� lengthkl � � kl = I g �B�O�E

� kl � 0 8kl 2 G (g)������ 	_�F �S�F�T�U�S�J�D�U�J�P�O� kl � 0 �D�B�Q�U�V�S�F�T �U�I�F �J�S�S�F�W�F�S�T�J�C�J�M�J�U�Z�� �8�F �D�P�O�T�J�E�F�S �B �C�V�E�H�F�U

�U�I�B�U �B�N�P�V�O�U�T �U�P �������� �P�G �(�%�1 �J�O �P�V�S �N�P�E�F�M�
 �P�S �P�O�F���U�F�O�U�I �P�G �$�I�J�O�B�Ý�T �B�W�F�S�B�H�F �B�O�O�V�B�M �S�P�B�E �J�O�G�S�B�T�U�S�V�D�U�V�S�F

�J�O�W�F�T�U�N�F�O�U �J�O ����������������

	_�F �P�Q�U�J�N�J�[�B�U�J�P�O �P�G �J�O�W�F�T�U�N�F�O�U �J�O �$�I�J�O�B�Ý�T �S�P�B�E �O�F�U�X�P�S�L �X�J�U�I ���
������ �M�J�O�L�T �J�T �D�I�B�M�M�F�O�H�J�O�H�� �5�P �S�F�E�V�D�F

�U�I�F �D�P�N�Q�V�U�B�U�J�P�O�B�M �D�P�T�U�
 �X�F �O�B�S�S�P�X �U�I�F �Q�S�P�C�M�F�N �U�P �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �P�G �J�O�W�F�T�U�N�F�O�U �J�O �T�V�C�T�F�U�T �P�G �M�J�O�L�T��

�4�Q�F�D�J
W�D�B�M�M�Z�
 �X�F �H�F�O�F�S�B�U�F ������ �T�V�C�T�F�U�T�
 �F�B�D�I �X�J�U�I ���� �S�B�O�E�P�N�M�Z �T�F�M�F�D�U�F�E �M�J�O�L�T�� �&�B�D�I �T�V�C�T�F�U �J�T �S�F�G�F�S�S�F�E �U�P

�B�T �B �S�B�O�E�P�N �H�S�P�V�Q�� �"�T �U�I�F �O�V�N�C�F�S �P�G �S�B�O�E�P�N �H�S�P�V�Q�T �B�Q�Q�S�P�B�D�I�F�T �J�O
W�O�J�U�Z�
 �U�I�F �D�S�P�T�T���H�S�P�V�Q �N�F�B�O �P�G �U�I�F

�X�J�U�I�J�O���H�S�P�V�Q �N�F�B�O �B�O�E �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O �P�G �S�F�U�V�S�O�T �T�I�P�V�M�E �D�P�O�W�F�S�H�F �U�P �U�I�F �N�F�B�O �B�O�E �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O

�P�G �S�F�U�V�S�O�T �G�P�S �B�M�M �M�J�O�L�T�� �5�B�C�M�F�'�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�'�����T�I�P�X�T �U�I�B�U �U�I�F�T�F �W�B�M�V�F�T �B�S�F �J�O�E�F�F�E �D�M�P�T�F �U�P �F�B�D�I

�P�U�I�F�S��

�8�F �V�T�F �à�.�V�M�U�J�4�U�B�S�U�á �X�J�U�I �à�G�N�J�O�D�P�O�á �J�O �.�"�5�-�"�# �U�P �T�F�B�S�D�I �G�P�S �U�I�F �H�M�P�C�B�M�M�Z �P�Q�U�J�N�B�M �C�V�E�H�F�U �B�M�M�P�D�B�U�J�P�O������

�'�J�H�V�S�F�� �Q�M�P�U�T �U�I�F �S�F�M�B�U�J�P�O�T�I�J�Q �C�F�U�X�F�F�O �U�I�F �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O �P�GR (� kl ) �G�P�Skl 2 G (g) �C�F�G�P�S�F �U�I�F

�J�O�W�F�T�U�N�F�O�U�T �B�O�E �U�I�F �S�F�U�V�S�O �U�P �U�I�F �P�Q�U�J�N�B�M�M�Z �B�M�M�P�D�B�U�F�E �J�O�W�F�T�U�N�F�O�U �C�V�E�H�F�U �G�P�SG (g)�� 	_�F�Z �B�S�F �Q�P�T�J�U�J�W�F�M�Z

�D�P�S�S�F�M�B�U�F�E �B�D�S�P�T�T �S�B�O�E�P�N �H�S�P�V�Q�T �	�D�P�S�S�F�M�B�U�J�P�O ���������
�� 	_�F �T�J�N�Q�M�F �M�J�O�F�B�S �G�V�O�D�U�J�P�O �I�B�T �B �E�F�D�F�O�U 
W�U �	R2 �P�G ���������
��

	_�F �T�M�P�Q�F �P�G �U�I�F 
W	R�F�E �M�J�O�F �J�T ���������� �	�T�U�B�O�E�B�S�E �F�S�S�P�S �P�G �����������
�
 �J�N�Q�M�Z�J�O�H �U�I�B�U �J�O�D�S�F�B�T�J�O�H �U�I�F �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O

�P�G �U�I�F �S�F�U�V�S�O �U�P �T�J�O�H�M�F �F�Y�Q�B�O�T�J�P�O �G�S�P�N �������� �	�����U�I �Q�F�S�D�F�O�U�J�M�F�
 �U�P �������� �	�����U�I �Q�F�S�D�F�O�U�J�M�F�
 �J�O�D�S�F�B�T�F�T �U�I�F �S�F�U�V�S�O�T

�U�P �B�O �P�Q�U�J�N�J�[�F�E �K�P�J�O�U �F�Y�Q�B�O�T�J�P�O �G�S�P�N ���������� �U�P ������������

�8�F �O�P�X �B�O�B�M�Z�[�F �U�I�F �E�J�T�Q�F�S�T�J�P�O �J�O �U�I�F �Q�P�T�U���J�O�W�F�T�U�N�F�O�U �S�F�U�V�S�O�T�� �*�O�W�F�T�U�N�F�O�U �P�Q�U�J�N�J�[�B�U�J�P�O �X�J�U�I �B

�S�F�B�T�P�O�B�C�M�F �C�V�E�H�F�U �B�M�N�P�T�U �D�P�N�Q�M�F�U�F�M�Z �F�M�J�N�J�O�B�U�F�T �T�V�D�I �E�J�T�Q�F�S�T�J�P�O�� 	_�F �B�W�F�S�B�H�F �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O �E�S�P�Q�T

�G�S�P�N �������� �U�P �������� �	�D�P�M�V�N�O �	���
 �P�G �5�B�C�M�F���
 �1�B�O�F�M �" �B�O�E �#�
�� �8�F �B�M�T�P �[�P�P�N �J�O�U�P �B �S�B�O�E�P�N �H�S�P�V�Q �U�P �W�J�T�V�B�M�J�[�F

�T�V�D�I �E�J�T�Q�F�S�T�J�P�O �F�M�J�N�J�O�B�U�J�P�O �J�O �'�J�H�V�S�F�'�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�'������ �U�I�F �P�Q�U�J�N�B�M �B�M�M�P�D�B�U�J�P�O �M�F�B�E�T �U�P �F�R�V�B�M�J�[�F�E

�S�F�U�V�S�O�T �B�D�S�P�T�T �M�J�O�L�T �X�J�U�I �S�F�M�B�U�J�W�F�M�Z �I�J�H�I �Q�S�F���J�O�W�F�T�U�N�F�O�U �S�F�U�V�S�O�T�� �E�V�F �U�P �U�I�F �M�J�N�J�U�F�E �C�V�E�H�F�U�
 �U�I�F �P�U�I�F�S

�M�J�O�L�T �E�P �O�P�U �S�F�D�F�J�W�F �J�O�W�F�T�U�N�F�O�U�T �	�U�I�F �V�Q�X�B�S�E���T�M�P�Q�J�O�H �Q�B�S�U �P�G �U�I�F �U�S�J�B�O�H�M�F�T�
�� 	_�F �S�F�U�V�S�O�T �U�P �P�Q�U�J�N�J�[�F�E

�J�O�W�F�T�U�N�F�O�U�
R
�
� G(g)

�
�
 �I�B�W�F �B �N�F�B�O �P�G ���������� �B�D�S�P�T�T �S�B�O�E�P�N �H�S�P�V�Q�T�� �5�P �H�B�V�H�F �U�I�F �X�F�M�G�B�S�F �H�B�J�O �G�S�P�N

�J�O�W�F�T�U�N�F�O�U �P�Q�U�J�N�J�[�B�U�J�P�O�
 �X�F �D�P�O�T�J�E�F�S �B �V�O�J�G�P�S�N �B�M�M�P�D�B�U�J�P�O �P�G �U�I�F �J�O�W�F�T�U�N�F�O�U �C�V�E�H�F�U �U�I�B�U �N�B�L�F�T �U�I�F

�F�Y�Q�B�O�T�J�P�O �Q�S�P�Q�P�S�U�J�P�O�B�M �G�P�S �F�B�D�I �M�J�O�L��� kl / lanekl = I g/ (
P

kl C (lanekl )) �J�T �U�I�F �T�B�N�F �G�P�S �B�M�Mkl 2 G (g)��

R
�
� G(g)

�
�V�O�E�F�S �U�I�F �V�O�J�G�P�S�N �B�M�M�P�D�B�U�J�P�O �J�T ������������ �	�1�B�O�F�M �$ �P�G �5�B�C�M�F���
�
 �N�V�D�I �T�N�B�M�M�F�S �U�I�B�OR

�
� G(g)

�
�V�O�E�F�S

�P�Q�U�J�N�B�M �J�O�W�F�T�U�N�F�O�U�T�� 	_�F �E�J�T�Q�F�S�T�J�P�O �P�GR (� kl ) �V�O�E�F�S �U�I�F �V�O�J�G�P�S�N �B�M�M�P�D�B�U�J�P�O �J�T �B�M�T�P �N�V�D�I �M�B�S�H�F�S �U�I�B�O �U�I�B�U

�V�O�E�F�S �P�Q�U�J�N�B�M �J�O�W�F�T�U�N�F�O�U��

�����%�J
V�F�S�F�O�U �G�S�P�N �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N �W�J�B �U�I�F �J�O�U�F�O�T�J�W�F �N�B�S�H�J�O�
�"�M�E�F�S �B�O�E �,�P�O�E�P�	���������
 �B�O�E�"�M�E�F�S�	���������

�D�P�O�T�J�E�F�S �U�I�F �F�Y�U�F�O�T�J�W�F �N�B�S�H�J�O �P�G �U�I�F �S�P�B�E �O�F�U�X�P�S�L�
 �J���F���
 �X�I�J�D�I �D�J�U�J�F�T �T�I�P�V�M�E �C�F �E�J�S�F�D�U�M�Z �D�P�O�O�F�D�U�F�E �C�Z �B �O�B�U�J�P�O�B�M
�I�J�H�I�X�B�Z �O�F�U�X�P�S�L��

�������� �U�S�J�B�M �Q�P�J�O�U�T �B�S�F �D�B�M�M�F�E �U�P �D�P�O�E�V�D�U �B �H�M�P�C�B�M �T�F�B�S�D�I�� �*�O�D�S�F�B�T�J�O�H �U�I�F �O�V�N�C�F�S �P�G �U�S�J�B�M �Q�P�J�O�U�T �H�J�W�F�T �U�I�F �T�B�N�F �S�F�T�V�M�U�T��
�*�O �'�J�H�V�S�F�'�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�'�����
 �X�F �T�F�M�F�D�U �P�O�F �H�S�P�V�Q �B�O�E �S�F�Q�P�S�U �U�I�F �E�J�T�U�S�J�C�V�U�J�P�O �P�G �U�I�F �P�Q�U�J�N�J�[�F�E �X�F�M�G�B�S�F �B�D�S�P�T�T
�U�I�F ���� �U�S�J�B�M �Q�P�J�O�U�T�
 �B�O�E �U�I�F�Z �B�S�F �T�P �D�M�P�T�F �U�P �F�B�D�I �P�U�I�F�S �U�I�B�U �U�I�F �E�J
V�F�S�F�O�D�F �D�B�O �C�F �O�F�H�M�J�H�J�C�M�F�
 �F���H���
 �U�I�F �T�N�B�M�M�F�T�U �X�F�M�G�B�S�F
�J�T �P�O�M�Z �B�S�P�V�O�E ���������������� �T�N�B�M�M�F�S �U�I�B�O �U�I�F �M�B�S�H�F�T�U �X�F�M�G�B�S�F�� �*�O �P�U�I�F�S �X�P�S�E�T�
 �J�U �J�T �V�O�M�J�L�F�M�Z �U�I�B�U �X�F �B�S�F �T�U�V�D�L �J�O �B �M�P�D�B�M
�P�Q�U�J�N�V�N �U�I�B�U �J�T �E�S�B�T�U�J�D�B�M�M�Z �E�J
V�F�S�F�O�U �G�S�P�N �U�I�F �H�M�P�C�B�M �P�Q�U�J�N�V�N �G�P�S �U�I�J�T �Q�B�S�U�J�D�V�M�B�S �H�S�P�V�Q��

����



�5�B�C�M�F ����R
�
� G(g)

�
�B�O�E �1�P�T�U���"�M�M�P�D�B�U�J�P�O �%�J�T�Q�F�S�T�J�P�O �G�S�P�N �B �(�J�W�F�O �#�V�E�H�F�U

�	���
 �	���
 �	���


�1�B�O�F�M �"�� �0�C�T�F�S�W�F�E �/�F�U�X�P�S�L
�4�U�E �P�GR (� kl ) ���������� ���������� �×

�1�B�O�F�M �#�� �$�P�V�O�U�F�S�G�B�D�U�V�B�M �&�Y�U�F�O�E�F�E �/�F�U�X�P�S�L �U�I�S�P�V�H�I �0�Q�U�J�N�B�M �*�O�W�F�T�U�N�F�O�U
�4�U�E �P�GR (� kl ) ���������� ���������� ����������
R

�
� G(g)

�
���������� ���������� ����������

�1�B�O�F�M �$�� �$�P�V�O�U�F�S�G�B�D�U�V�B�M �&�Y�U�F�O�E�F�E �/�F�U�X�P�S�L �U�I�S�P�V�H�I �6�O�J�G�P�S�N �"�M�M�P�D�B�U�J�P�O
�4�U�E �P�GR (� kl ) ���������� ���������� �×
R

�
� G(g)

�
������������ ���������� �×

�.�P�E�F�M �V�T�F�E �G�P�S�)�F�U�F�S�P�H�F�O�F�P�V�T �B�O�E�)�P�N�P�H�F�O�F�P�V�T �)�P�N�P�H�F�O�F�P�V�T
�0�Q�U�J�N�B�M �"�M�M�P�D�B�U�J�P�O �&�O�E�P�H�F�O�P�V�T �&�M�B�T�U�J�D�J�U�Z�&�M�B�T�U�J�D�J�U�Z �&�M�B�T�U�J�D�J�U�Z

�.�P�E�F�M �V�T�F�E �G�P�S�)�F�U�F�S�P�H�F�O�F�P�V�T �B�O�E�)�P�N�P�H�F�O�F�P�V�T�)�F�U�F�S�P�H�F�O�F�P�V�T �B�O�E
�8�F�M�G�B�S�F �&�W�B�M�V�B�U�J�P�O �&�O�E�P�H�F�O�P�V�T �&�M�B�T�U�J�D�J�U�Z�&�M�B�T�U�J�D�J�U�Z�&�O�E�P�H�F�O�P�V�T �&�M�B�T�U�J�D�J�U�Z

�/�P�U�F�T��	_�F �U�B�C�M�F �T�I�P�X�T �U�I�F �S�F�U�V�S�O�T �P�O �S�P�B�E �J�O�W�F�T�U�N�F�O�U�T �J�O �U�I�F �P�C�T�F�S�W�F�E �O�F�U�X�P�S�L �X�J�U�I �F�O�E�P�H�F�O�P�V�T �B�O�E
�I�F�U�F�S�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �	�D�P�M�V�N�O �	���
�
�
 �J�O �B�O �F�Y�U�F�O�E�F�E �O�F�U�X�P�S�L �X�I�F�S�F �C�P�U�I �U�I�F �P�Q�U�J�N�B�M �F�Y�U�F�O�T�J�P�O
�B�O�E �U�I�F �X�F�M�G�B�S�F �F�W�B�M�V�B�U�J�P�O �B�S�F �C�B�T�F�E �P�O �I�P�N�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �	�D�P�M�V�N�O �	���
�
�
 �B�O�E �J�O �B�O �B�M�U�F�S�O�B�U�J�W�F
�F�Y�U�F�O�E�F�E �O�F�U�X�P�S�L �X�I�F�S�F �U�I�F �P�Q�U�J�N�B�M �F�Y�U�F�O�T�J�P�O �J�T �C�B�T�F�E �P�O �U�I�F �I�P�N�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �B�O�E �U�I�F �X�F�M�G�B�S�F
�F�W�B�M�V�B�U�J�P�O �J�T �C�B�T�F�E �P�O �U�I�F �F�O�E�P�H�F�O�P�V�T �B�O�E �I�F�U�F�S�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �	�D�P�M�V�N�O �	���
�
�� 	_�F �C�V�E�H�F�U �G�P�S �U�I�F
�S�P�B�E �J�O�W�F�T�U�N�F�O�U�T �B�N�P�V�O�U�T �U�P �������� �P�G �(�%�1�� 	_�F �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O�T �B�S�F �U�I�F �D�S�P�T�T���H�S�P�V�Q �B�W�F�S�B�H�F �P�G �U�I�F �X�J�U�I�J�O���H�S�P�V�Q
�T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O �P�GR (� kl ) �B�D�S�P�T�T �U�I�F ���� �M�J�O�L�T�� �*�O �1�B�O�F�M �"�
 �U�I�F �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O �J�T �C�B�T�F�E �P�O �U�I�FR (� kl ) �C�F�G�P�S�F
�U�I�F �J�O�W�F�T�U�N�F�O�U�� �J�O �1�B�O�F�M�T �# �B�O�E �$�
 �U�I�F �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O�T �B�S�F �C�B�T�F�E �P�OR (� kl ) �B	O�F�S �U�I�F �J�O�W�F�T�U�N�F�O�U�T�� 	_�F �S�F�U�V�S�O�T
�G�S�P�N �K�P�J�O�U �F�Y�Q�B�O�T�J�P�O�T �B�S�F �U�I�F �B�W�F�S�B�H�F �P�GR

�
� G(g)

�
�B�D�S�P�T�T �B�M�M ������ �H�S�P�V�Q�T��

�(�J�W�F�O �U�I�F �J�N�Q�P�S�U�B�O�D�F �P�G �F�O�E�P�H�F�O�P�V�T �B�O�E �I�F�U�F�S�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �J�O �U�I�F �S�P�B�E �O�F�U�X�P�S�L�


�X�F �U�I�F�O �B�T�T�F�T�T �I�P�X �N�V�D�I �U�I�F �S�F�U�V�S�O�T �G�S�P�N �P�Q�U�J�N�B�M �F�Y�Q�B�O�T�J�P�O�T �N�J�H�I�U �D�I�B�O�H�F �J�G �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �D�P�O�E�V�D�U�F�E

�C�Z �U�I�F �T�P�D�J�B�M �Q�M�B�O�O�F�S �J�T �T�V�C�K�F�D�U �U�P �U�I�F �I�P�N�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�Z������ �5�P �R�V�B�O�U�J�G�Z �U�I�F �X�F�M�G�B�S�F �F
V�F�D�U�
 �X�F �B�H�B�J�O

�D�P�O�E�V�D�U �U�I�F �P�Q�U�J�N�B�M �J�O�W�F�T�U�N�F�O�U �F�Y�F�S�D�J�T�F�T �C�B�T�F�E �P�O �S�B�O�E�P�N �H�S�P�V�Q�T�
 �T�J�N�J�M�B�S �U�P �B�C�P�W�F�� �"�T �T�I�P�X�O �J�O �5�B�C�M�F

�'�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�'�����
 �U�I�F �D�S�P�T�T���H�S�P�V�Q �N�F�B�O�T �P�G �U�I�F �X�J�U�I�J�O���H�S�P�V�Q �N�F�B�O�T �B�O�E �T�U�B�O�E�B�S�E �E�F�W�J�B�U�J�P�O�T �P�G
~R (� kl ) �B�S�F �B�H�B�J�O �D�M�P�T�F �U�P �U�I�P�T�F �P�G �U�I�F �G�V�M�M �T�B�N�Q�M�F �P�G �B�M�M �M�J�O�L�T�� �8�F �U�I�F�O �P�Q�U�J�N�B�M�M�Z �B�M�M�P�D�B�U�F �U�I�F �J�O�W�F�T�U�N�F�O�U

�C�V�E�H�F�U �B�D�S�P�T�T �M�J�O�L�T �G�P�S �F�B�D�I �H�S�P�V�Q �U�P �N�B�Y�J�N�J�[�F �X�F�M�G�B�S�F �J�O �U�I�F �N�P�E�F�M �X�J�U�I �I�F�U�F�S�P�H�F�O�F�P�V�T �B�O�E �I�P�N�P�H�F�O�F�P�V�T

�F�M�B�T�U�J�D�J�U�J�F�T�
 �T�V�C�K�F�D�U �U�P �U�I�F �T�B�N�F �C�V�E�H�F�U �B�O�E �J�S�S�F�W�F�S�T�J�C�J�M�J�U�Z �D�P�O�T�U�S�B�J�O�U�T�� �(�J�W�F�O �U�I�F�T�F �P�Q�U�J�N�B�M �J�O�W�F�T�U�N�F�O�U�T�
 �X�F

�F�W�B�M�V�B�U�F �U�I�F �X�F�M�G�B�S�F �H�B�J�O �J�O �U�I�F �D�P�S�S�F�T�Q�P�O�E�J�O�H �N�P�E�F�M�� �"�T �T�I�P�X�O �J�O �D�P�M�V�N�O �	���
 �P�G �5�B�C�M�F���
 ~R (� G (g)) �J�T

�������� �V�T�J�O�H �U�I�F �N�P�E�F�M �X�J�U�I �I�P�N�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z�
���� �X�I�J�D�I �J�T �B�S�P�V�O�E �U�I�S�F�F �U�J�N�F�T �B�T �I�J�H�I �B�T

�U�I�F �N�F�B�O �J�O �U�I�F �N�P�E�F�M �X�J�U�I �F�O�E�P�H�F�O�P�V�T �B�O�E �I�F�U�F�S�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �J�O �D�P�M�V�N�O �	���
������ �8�F

����	_�F �I�P�N�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�Z �J�T �P�C�U�B�J�O�F�E �U�I�S�P�V�H�I �U�I�F �F�T�U�J�N�B�U�J�P�O �P�G �B �T�U�B�O�E�B�S�E �7�J�D�L�S�F�Z �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O�
 �B�T
�J�O�U�S�P�E�V�D�F�E �J�O �4�V�C�T�F�D�U�J�P�O�������B�O�E �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&������

�����4�J�N�J�M�B�S �U�P~R (� kl ) �J�O �4�V�C�T�F�D�U�J�P�O�������
 �X�F �E�F�O�P�U�F �C�Z~R (� G (g)) �U�I�F �S�F�U�V�S�O �U�P �F�Y�Q�B�O�E�J�O�H �B �H�S�P�V�Q �P�G �M�J�O�L�Tkl 2 G (g)
�J�O �U�I�F �N�P�E�F�M �X�J�U�I �B �I�P�N�P�H�F�O�F�P�V�T �F�M�B�T�U�J�D�J�U�Z�� �(�J�W�F�O �U�I�J�T �O�P�U�B�U�J�P�O�
 �U�I�F �S�F�U�V�S�O�T �J�O �D�P�M�V�N�O �	���
 �P�G �5�B�C�M�F�� �D�P�S�S�F�T�Q�P�O�E �U�P
~R (� kl ) �B�O�E~R (� G (g)) ��

����	_�J�T �E�J
V�F�S�F�O�D�F �J�T �D�P�O�T�J�T�U�F�O�U �X�J�U�I �P�V�S 
W�O�E�J�O�H �J�O �'�J�H�V�S�F�&�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�&�����U�I�B�U�
 �G�P�S �T�J�[�B�C�M�F �S�P�B�E
�F�Y�Q�B�O�T�J�P�O�T�
 �B�M�M�P�X�J�O�H �G�P�S 
X�F�Y�J�C�M�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �J�N�Q�M�J�F�T �T�U�S�P�O�H�F�S �E�J�N�J�O�J�T�I�J�O�H �S�F�U�V�S�O�T�� 	_�V�T�
 �B�H�H�S�F�H�B�U�F �S�F�U�V�S�O�T

����



�D�P�O�D�M�V�E�F �U�I�B�U �N�P�E�F�M �N�J�T�T�Q�F�D�J
W�D�B�U�J�P�O �D�B�O �M�F�B�E �U�P �E�J
V�F�S�F�O�U �X�F�M�G�B�S�F �F
V�F�D�U�T�� �'�J�O�B�M�M�Z�
 �X�F �D�P�O�E�V�D�U �B�O �B�E�E�J�U�J�P�O�B�M

�F�Y�F�S�D�J�T�F �J�O �X�I�J�D�I �U�I�F �P�Q�U�J�N�B�M �F�Y�Q�B�O�T�J�P�O �J�T �T�U�J�M�M �E�F�U�F�S�N�J�O�F�E �V�O�E�F�S �U�I�F �T�U�B�O�E�B�S�E �7�J�D�L�S�F�Z �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O

�X�J�U�I �B �I�P�N�P�H�F�O�F�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z�� �8�F �U�I�F�O �U�B�L�F �U�I�J�T �F�Y�Q�B�O�T�J�P�O �B�T �H�J�W�F�O �B�O�E �V�T�F �U�I�F �N�P�E�F�M �X�J�U�I


X�F�Y�J�C�M�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �U�P �F�W�B�M�V�B�U�F �J�U�T �S�F�U�V�S�O�T�� �"�T �T�I�P�X�O �J�O �D�P�M�V�N�O �	���
 �P�G �5�B�C�M�F���
 �U�I�F �B�H�H�S�F�H�B�U�F

�S�F�U�V�S�O �U�P �U�I�F �F�Y�Q�B�O�T�J�P�O �E�F�U�F�S�N�J�O�F�E �V�O�E�F�S �D�P�O�T�U�B�O�U �F�M�B�T�U�J�D�J�U�Z �J�T ������ �M�P�X�F�S �U�I�B�O �U�I�B�U �U�P �U�I�F �F�Y�Q�B�O�T�J�P�O

�E�F�U�F�S�N�J�O�F�E �V�O�E�F�S 
X�F�Y�J�C�M�F �F�M�B�T�U�J�D�J�U�Z�� 	_�J�T �T�V�H�H�F�T�U�T �U�I�B�U �B�D�D�P�N�N�P�E�B�U�J�O�H �F�O�E�P�H�F�O�P�V�T �B�O�E �I�F�U�F�S�P�H�F�O�F�P�V�T

�D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T �J�T �J�N�Q�P�S�U�B�O�U �O�P�U �P�O�M�Z �G�P�S �F�Y���Q�P�T�U �F�W�B�M�V�B�U�J�P�O �C�V�U �B�M�T�P �G�P�S �F�Y���B�O�U�F �Q�M�B�O�O�J�O�H��

�������� �/�V�N�F�S�J�D�B�M �"�O�B�M�Z�T�J�T �P�G �"�D�U�V�B�M �3�P�B�E �*�O�W�F�T�U�N�F�O�U �&
Y�D�J�F�O�D�Z

�*�O �B�E�E�J�U�J�P�O �U�P �U�I�F �O�V�N�F�S�J�D�B�M �F�Y�F�S�D�J�T�F�T �C�B�T�F�E �P�O �I�Z�Q�P�U�I�F�U�J�D�B�M �J�O�W�F�T�U�N�F�O�U�T�
 �X�F �B�M�T�P �O�V�N�F�S�J�D�B�M�M�Z �T�U�V�E�Z

�U�I�F �N�J�T�B�M�M�P�D�B�U�J�P�O �J�O�U�F�S�Q�S�F�U�B�U�J�P�O �C�Z �F�Y�B�N�J�O�J�O�H �B�D�U�V�B�M �S�P�B�E �F�Y�Q�B�O�T�J�P�O�� �0�V�S �B�O�B�M�Z�T�J�T �J�O �4�V�C�T�F�D�U�J�P�O�������T�I�P�X�T

�U�I�B�U �S�P�B�E �J�O�W�F�T�U�N�F�O�U�T �E�V�S�J�O�H ���������×�������� �X�F�S�F �O�P�U �E�J�S�F�D�U�F�E �U�P�X�B�S�E �S�P�B�E�T �X�J�U�I �I�J�H�I�F�S �S�F�U�V�S�O�T�
 �J�N�Q�M�Z�J�O�H �U�I�B�U

�U�I�F �P�C�T�F�S�W�F�E �E�J�T�Q�F�S�T�J�P�O �J�O �S�F�U�V�S�O�T �N�B�Z �O�P�U �C�F �B �U�S�B�O�T�J�U�P�S�Z �Q�I�F�O�P�N�F�O�P�O �B�O�E �U�I�B�U �Q�S�F�W�J�P�V�T �J�O�W�F�T�U�N�F�O�U�T

�E�J�E �O�P�U �D�P�S�S�F�D�U �U�I�F �N�J�T�B�M�M�P�D�B�U�J�P�O �C�V�U �J�O�T�U�F�B�E �X�P�S�T�F�O�F�E �J�U�� �*�O �U�I�J�T �T�V�C�T�F�D�U�J�P�O�
 �X�F �G�V�S�U�I�F�S �F�Y�Q�M�P�S�F �I�P�X �U�I�F

�B�D�U�V�B�M �F�Y�Q�B�O�T�J�P�O �P�G �M�J�O�L �D�B�Q�B�D�J�U�Z �E�J
V�F�S�T �G�S�P�N �U�I�F �P�Q�U�J�N�B�M �F�Y�Q�B�O�T�J�P�O��

�'�P�S �F�B�T�F �P�G �D�P�N�Q�V�U�B�U�J�P�O�
 �X�F �D�P�O
W�O�F �U�I�F �P�Q�U�J�N�J�[�B�U�J�P�O �Q�S�P�C�M�F�N �U�P �M�J�O�L�T �J�O �B �T�Q�F�D�J
W�D �Q�S�P�W�J�O�D�F �P�S �S�F�H�J�P�O��

�8�F 
W�S�T�U �G�P�D�V�T �P�O �U�I�F ���� �M�J�O�L�T �J�O �(�V�B�O�H�E�P�O�H�
 �$�I�J�O�B�Ý�T �M�B�S�H�F�T�U �Q�S�P�W�J�O�D�F �C�Z �(�%�1�� �8�F �J�N�Q�V�U�F �U�I�F �C�V�E�H�F�U

�G�P�S �U�I�F �B�D�U�V�B�M �F�Y�Q�B�O�T�J�P�O �P�G �M�J�O�L�T �J�O �(�V�B�O�H�E�P�O�H �C�F�U�X�F�F�O �������� �B�O�E ���������
 �X�I�J�D�I �J�T �B�Q�Q�S�P�Y�J�N�B�U�F�M�Z ��������

�P�G �(�V�B�O�H�E�P�O�H�Ý�T �B�O�O�V�B�M �(�%�1�� �8�F �O�F�Y�U �P�Q�U�J�N�J�[�F �U�I�F �C�V�E�H�F�U �B�D�S�P�T�T �U�I�F ���� �M�J�O�L�T �J�O �U�I�F �N�P�E�F�M �X�J�U�I�A j

�B�O�E�uj �S�F���D�B�M�J�C�S�B�U�F�E �U�P �$�I�J�O�B�Ý�T �F�D�P�O�P�N�J�D �H�F�P�H�S�B�Q�I�Z �J�O �������������� 	_�F y���B�Y�J�T �G�P�S �F�B�D�I �D�J�S�D�M�F �B�O�E �U�S�J�B�O�H�M�F

�J�O �U�I�F �M�F	O���U�P�Q �Q�B�O�F�M �P�G �'�J�H�V�S�F���� �S�F�Q�S�F�T�F�O�U�T �U�I�F �B�D�U�V�B�M �B�O�E �P�Q�U�J�N�B�M �F�Y�Q�B�O�T�J�P�O �P�G �B �M�J�O�L�
 �S�F�T�Q�F�D�U�J�W�F�M�Z��

	_�F x���B�Y�J�T �J�TR (� kl )�� 	_�F �X�F�B�L �D�P�S�S�F�M�B�U�J�P�O �C�F�U�X�F�F�O �U�I�F �B�D�U�V�B�M �F�Y�Q�B�O�T�J�P�O�T �P�G �M�J�O�L�T �B�O�E �U�I�F�J�S �S�F�U�V�S�O�T

�J�O �(�V�B�O�H�E�P�O�H �J�T �O�P �E�J
V�F�S�F�O�U �G�S�P�N �U�I�F �Q�B	R�F�S�O �G�P�V�O�E �G�P�S �U�I�F �X�I�P�M�F �D�P�V�O�U�S�Z �J�O �'�J�H�V�S�F���� �0�Q�U�J�N�J�[�B�U�J�P�O

�E�J�S�F�D�U�T �U�I�F �M�J�N�J�U�F�E �C�V�E�H�F�U �P�O�M�Z �U�P �U�I�P�T�F �U�F�O �M�J�O�L�T �X�J�U�I �W�F�S�Z �I�J�H�I �S�F�U�V�S�O�T�� 	_�F �D�B�Q�B�D�J�U�Z �P�G �U�I�F �M�J�O�L �X�J�U�I �U�I�F

�I�J�H�I�F�T�U �S�F�U�V�S�O�
 �(�V�B�O�H�[�I�P�V���%�P�O�H�H�V�B�O�
 �J�T �F�Y�Q�B�O�E�F�E �C�Z ������������ �V�O�E�F�S �U�I�F �P�Q�U�J�N�B�M �B�M�M�P�D�B�U�J�P�O�� �)�P�X�F�W�F�S�
 �U�I�F

�B�D�U�V�B�M �B�O�E �P�Q�U�J�N�B�M �F�Y�Q�B�O�T�J�P�O�T �B�S�F �P�O�M�Z �X�F�B�L�M�Z �D�P�S�S�F�M�B�U�F�E �	�D�P�S�S�F�M�B�U�J�P�O ���������
�
 �X�I�J�D�I �J�T �B�E�E�J�U�J�P�O�B�M �F�W�J�E�F�O�D�F �P�G

�S�P�B�E �J�O�G�S�B�T�U�S�V�D�U�V�S�F �J�O�W�F�T�U�N�F�O�U �N�J�T�B�M�M�P�D�B�U�J�P�O �J�O �(�V�B�O�H�E�P�O�H�� �$�P�S�S�F�D�U�J�O�H �U�I�F �N�J�T�B�M�M�P�D�B�U�J�P�O �E�F�M�J�W�F�S�T �T�J�[�B�C�M�F

�X�F�M�G�B�S�F �H�B�J�O�T�� 	_�F �B�D�U�V�B�M �C�V�E�H�F�U �B�M�M�P�D�B�U�J�P�O �Z�J�F�M�E�T �B�OR
�
� G(g)

�
�P�G ������������ �0�Q�U�J�N�J�[�J�O�H �U�I�J�T �B�M�M�P�D�B�U�J�P�O �D�B�O

�J�O�D�S�F�B�T�F �U�I�F �S�F�U�V�S�O�T �U�P ������������ �4�J�N�J�M�B�S �Q�B	R�F�S�O�T �D�B�O �C�F �G�P�V�O�E �X�I�F�O �X�F �V�T�F �P�U�I�F�S �Q�S�P�W�J�O�D�F�T �P�S �S�F�H�J�P�O�T�
 �M�J�L�F

�4�I�B�O�E�P�O�H�
 �$�I�P�O�H�R�J�O�H���4�J�D�I�V�B�O�
 �B�O�E �4�I�B�O�H�I�B�J���+�J�B�O�H�T�V���;�I�F�K�J�B�O�H �J�O �U�I�F �S�F�N�B�J�O�J�O�H �Q�B�O�F�M�T �P�G �'�J�H�V�S�F����������

�8�F �B�H�B�J�O 
W�O�E �U�I�B�U �Q�P�T�U���J�O�W�F�T�U�N�F�O�U �S�F�U�V�S�O�T�
R (� kl )�
 �B�S�F �B�M�N�P�T�U �F�R�V�B�M�J�[�F�E �B�N�P�O�H �U�I�F �M�J�O�L�T �F�Y�Q�B�O�E�F�E �C�Z

�N�B�Z �C�F �M�P�X�F�S �J�O �U�I�F 
X�F�Y�J�C�M�F���F�M�B�T�U�J�D�J�U�Z �D�B�T�F��
�����*�O �U�I�J�T �F�Y�F�S�D�J�T�F�
 �X�F �U�B�L�F �������� �B�T �U�I�F �T�U�B�S�U�J�O�H �Q�P�J�O�U�
 �U�S�F�B�U �F�Y�J�T�U�J�O�H �S�P�B�E �J�O�W�F�T�U�N�F�O�U �B�T �Q�I�Z�T�J�D�B�M�M�Z �J�S�S�F�W�F�S�T�J�C�M�F�
 �B�O�E

�F�Y�B�N�J�O�F �I�P�X �U�P �P�Q�U�J�N�B�M�M�Z �B�M�M�P�D�B�U�F �J�O�W�F�T�U�N�F�O�U�T �B�D�S�P�T�T �M�J�O�L�T�� 	_�F �E�J
V�F�S�F�O�D�F �G�S�P�N �4�V�C�T�F�D�U�J�P�O�������J�T �U�I�B�U�
 �J�O�T�U�F�B�E �P�G
�V�T�J�O�H �B�O �B�S�C�J�U�S�B�S�Z �C�V�E�H�F�U �M�F�W�F�M�
 �X�F �T�F�U �U�I�F �C�V�E�H�F�U �F�R�V�B�M �U�P �U�I�F �B�D�U�V�B�M �S�P�B�E �F�Y�Q�B�O�T�J�P�O �C�F�U�X�F�F�O �������� �B�O�E ����������

����R
�
� G(g)

�
�X�P�V�M�E �J�O�D�S�F�B�T�F �G�S�P�N ���������� �U�P ���������� �G�P�S �4�I�B�O�E�P�O�H�
 �G�S�P�N �������� �U�P ���������� �G�P�S �$�I�P�O�H�R�J�O�H���4�J�D�I�V�B�O�
 �B�O�E

�G�S�P�N �������� �U�P ���������� �G�P�S �4�I�B�O�H�I�B�J���+�J�B�O�H�T�V���;�I�F�K�J�B�O�H�
 �X�I�F�O �X�F �N�P�W�F �G�S�P�N �B�D�U�V�B�M �U�P �P�Q�U�J�N�B�M �S�P�B�E �F�Y�Q�B�O�T�J�P�O�T��

����



�U�I�F �P�Q�U�J�N�B�M �J�O�W�F�T�U�N�F�O�U�T �	�T�F�F �'�J�H�V�S�F�'�����J�O �0�O�M�J�O�F �"�Q�Q�F�O�E�J�Y�'�����
��

�'�J�H�V�S�F ������ �0�Q�U�J�N�B�M �$�B�Q�B�D�J�U�Z �3�F�B�M�M�P�D�B�U�J�P�O�
 �V�O�E�F�S �&�O�E�P�H�F�O�P�V�T� kl

�/�P�U�F�T��	_�F 
W�H�V�S�F �T�I�P�X�T �G�P�S �G�P�V�S �S�F�H�J�P�O�T �U�I�F �S�F�M�B�U�J�P�O�T�I�J�Q �C�F�U�X�F�F�O �U�I�F �S�F�U�V�S�O�T �J�N�Q�M�J�F�E �C�Z �U�I�F �N�P�E�F�M �B�O�E �U�I�F
�B�D�U�V�B�M �	�D�J�S�D�M�F�T�
 �B�O�E �P�Q�U�J�N�B�M �	�U�S�J�B�O�H�M�F�T�
 �J�O�W�F�T�U�N�F�O�U�T�� �&�B�D�I �D�J�S�D�M�F �P�S �U�S�J�B�O�H�M�F �S�F�Q�S�F�T�F�O�U�T �B �M�J�O�L�� 	_�F �W�F�S�U�J�D�B�M �B�Y�J�T �T�I�P�X�T
�U�I�F �Q�F�S�D�F�O�U�B�H�F �J�O�D�S�F�N�F�O�U �C�B�T�F�E �P�O �U�I�F �D�B�Q�B�D�J�U�Z �P�G �U�I�F �J�O�J�U�J�B�M �S�P�B�E �O�F�U�X�P�S�L �J�O ���������� 	_�F �I�P�S�J�[�P�O�U�B�M �B�Y�J�T �T�I�P�X�T �U�I�F
R (� kl ) �J�O ����������

�5�B�L�F�O �U�P�H�F�U�I�F�S�
 �U�I�F�T�F �O�V�N�F�S�J�D�B�M �F�Y�F�S�D�J�T�F�T �S�F�J�O�G�P�S�D�F �U�X�P �N�B�J�O �D�P�O�D�M�V�T�J�P�O�T�� �'�J�S�T�U�
 �T�Q�B�U�J�B�M �E�J�T�Q�F�S�T�J�P�O

�J�O �S�F�U�V�S�O�T �S�F
X�F�D�U�T �J�O�W�F�T�U�N�F�O�U �N�J�T�B�M�M�P�D�B�U�J�P�O �J�O �P�V�S �G�S�B�N�F�X�P�S�L�� �P�Q�U�J�N�J�[�J�O�H �J�O�W�F�T�U�N�F�O�U �C�V�E�H�F�U�T �O�F�B�S�M�Z

�F�M�J�N�J�O�B�U�F�T �U�I�J�T �E�J�T�Q�F�S�T�J�P�O �X�I�J�M�F �E�F�M�J�W�F�S�J�O�H �T�V�C�T�U�B�O�U�J�B�M �X�F�M�G�B�S�F �H�B�J�O�T�
 �Q�B�S�U�J�D�V�M�B�S�M�Z �X�I�F�O �Q�M�B�O�O�F�S�T �B�D�D�P�V�O�U

�F�Y �B�O�U�F �G�P�S 
X�F�Y�J�C�M�F �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�J�F�T�� �4�F�D�P�O�E�
 �B�D�U�V�B�M �S�P�B�E �F�Y�Q�B�O�T�J�P�O�T �J�O �$�I�J�O�B �E�F�W�J�B�U�F�E �T�V�C�T�U�B�O�U�J�B�M�M�Z

�G�S�P�N �U�I�F �N�P�E�F�M���J�N�Q�M�J�F�E �X�F�M�G�B�S�F���N�B�Y�J�N�J�[�J�O�H �B�M�M�P�D�B�U�J�P�O�
 �T�V�H�H�F�T�U�J�O�H �U�I�B�U �S�F�D�F�O�U �J�O�G�S�B�T�U�S�V�D�U�V�S�F �J�O�W�F�T�U�N�F�O�U�T

�E�J�E �O�P�U �D�P�S�S�F�D�U �U�I�F �T�Q�B�U�J�B�M �N�J�T�B�M�M�P�D�B�U�J�P�O �P�G �S�P�B�E �D�B�Q�B�D�J�U�Z �B�D�S�P�T�T �U�I�F �O�F�U�X�P�S�L��

���� �$�P�O�D�M�V�T�J�P�O

�8�F �F�T�U�J�N�B�U�F �B �H�F�O�F�S�B�M�J�[�F�E �D�P�O�H�F�T�U�J�P�O �F�R�V�B�U�J�P�O �U�P �D�I�B�S�B�D�U�F�S�J�[�F �U�I�F �F�O�E�P�H�F�O�P�V�T �D�P�O�H�F�T�U�J�P�O �F�M�B�T�U�J�D�J�U�Z
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official road map to obtain the lane information for each road segment. We then obtain the capacity of
each road, which is the product of the average number of lanes of the road and its length.

A.3. Road Network Construction

We construct a road network connecting neighboring cities through the “least-cost” routes from all
possible routes connecting two neighboring cities. Following the conventional approach, we first construct
the network based on the shortest route connecting the neighboring city-pair. The shortest routes are
selected by distance,8 and we obtain 1,464 routes. In some special cases where the shortest route strays
from the neighboring city-pair, we treat the city-pair as not directly connected.9 This approach reduces
the number of routes from 1,464 to 1,408.10

Figure A.2. Road Coverage of the z-Shortest Routes
The figure shows the coverage of the road network that is captured when considering different numbers

of shortest paths. Coverage is computed as the share of the national and provincial road network that is covered
by the shortest paths. The solid brown line, dashed blue line, and dotted black line represent the coverage of road
length, road capacity, and number of trucks, respectively.

Two aspects should be noted. First, the shortest routes are not selected by travel time, which is
endogenously determined in our analysis, but rather by the road length. Second, shipments between the
neighboring city-pair do not necessarily take the shortest routes. Drivers may choose to travel through
another city to reach the destination because of their idiosyncratic preferences (Allen and Arkolakis, 2019,
2022), and our data analysis and modeling allow for this possibility.

8The routes are obtained by “closest facility analysis” in the “Network Analyst” toolbox in ArcGIS.
9Fajgelbaum and Schaal (2020) define a route as straying from two neighboring cities if more than half of the

route (by length) is outside the two cities, and we adopt the same criterion.
10As discussed in Section 4.1, the IV construction requires us to drop links where the departure city has only one

neighbor. As a result, we have 1,392 links in the congestion estimation.
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